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THE SYMMETRIC PROCRUSTES PROBLEM
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Depertment of Mathematics, Uniuersitv oJ Manchester, Manchester Ml3gPL, England

Abstract.

The following "symmetric Procrustes" problem arises in the determination of the strain matrix
of an elastic structure: find the symmetric matrix Xwhich minimises the Frobenius (or Euclidean)
norm of AX-&, where '4 and .B are given rectangular matrices. We use the singular value
decomposition to analyse the problem and to derive a stable method for its solution. A
perturbation result is derived and used to assess the stability of methods based on solving normal
equations. Some comparisons with the standard, unconstrained least squares problem are given.
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1. Introduction.

Consider the class of constrarned least squares approximation problems: Find

( 1 . 1 ) min  l l ,aX -  B l l ,  A ,  B  e  R*"n ,
X e P

where P c Rnx' ,  and l l ' l l  denotes the Frobenius (or  Eucl idean) norm,

A variety of matrix approximation problems is contained in the class (1.1).
Wi th no constra ints  on X (P:  R'" ' )  a  s tandard least  squares problem is
obta ined,  having a solut ion X:  A*B,  where,4+ is  the pseudo- inverse of  ,4
(see, for example, [4, Ch.6]).

Taking for P the set of orthogonal matrices yields the orthogonal Procrustes *
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r Procrustes: an ancient Greek robber who tied his victims to an iron bed, stretching their legs

if too short for it, and lopping them if too long.
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problem, which arises in factor analysis [5, 14]. A solution is X : U where
BrA : UH is a polar decomposition [8].

When m :  n and A:  I ,  ( l . l )  is  a matr ix  nearness problem: f ind the nearest
matrix to B in the set P. An important nearness problem is to find the nearest
normal  matr ix  ;  see [13] .

In this paper we explore the problem obtained from (l. l) when one imposes
what is perhaps the simplest constraint on X, that of symmetry. This problem

received attention in the l iterature two decades ago 12, l1], but seems to have
been neglected since. We will refer to this problem as the "symmetric Procrustes"
(SP) problem, by analogy with the orthogonal version mentioned above. The
problem arises in the investigation of elastic structures wherein vectors /, of

observed forces are postulated to be related to vectors dt of observed displace-

ments according to XJi: di, where X is the symmetric strain (or f lexibil i ty)
matrix [2,l1] (see also [15, Sec. 3.5]). X is to be estimated from the experimental
data in a least squares sense.

In section 2 we analyse the SP problem using the singular value decomposition
(SVD). The general solution is derived and its properties investigated. A theorem

is derived which describes the sensitivity of the SP problem to perturbations in
the data.

In section 3 we consider computation of the solution. A stable method based
on the SI/D is proposed and compared with other methods based on solving
normal equations.

Finally, in section 4 we give a numcrical example and compare the symmetric
Procrustes solution with the unconstrained least squares solution.

This work extends the treatments in [2] and [11], the main contributions
being use of the SZD to solve and analyse the SP problem, and examination
of the stabil ity of methods for numerical solution.

We remark that the theory and algorithms presented here are easily adapted
to the "sk€w-symmetric Procrustes" problem, in'which the constraint in (1.1) is

taken to be that of skew svmmetrv.

2. Analysis.

In this section we investigate the mathematical properties of the SP problem

(2 .1 )  m in  l l , ax -B l l ,  , 4 ,8e  R ' * ' ,  m>  n .
X = X r

As might be expected, there are many similarit ies to the standard least squares
(LS) problem. In particular, the appropriate tool for analysis is the SI/D.

Let A have the SZD

(2.2\ A:  P [ i ]n ' ,
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where P € Rt'n and Q € [R^'n are orthogonal and

,  :  d i ag (o r  , . . . , o ) ,  o r  2  " '  > '  o ,  >  O '

Using the invariance of the Frobenius norm under orthogonal transformations

we have

where

Y -- Q''xQ'

a :  [ : ' - l  :  P rBe ,  c r  :  ( c i ; ) €  R ' ^n .
L L : l

Thus the SP problem reduces to minimising the quantity

(23 )  l l t y - c , l l '  :  i  { o ,n , , , - c i i ) 2  r  I  ( ( o i , r , i ; - c ,  ) z  * (o1 ) ' i i  c j i ) 2 ) ,
i = l  j > r

where we have used the required symmetry of Y. The variables yiiU 7 i) in

(2.3) are uncoupled, so it suffices to minimise independently each of the terms

(oi ! i i -c i )2 and (o 'y , ,  -c , ) ' * (opi1-c1)2,  U > t ) .The general  so lut ion is  easi ly

found to be, for I < t < -/ < n,

I  o , c , ,+6 ,c , ,
1 " " : l ' , " : ; ! '  .  o !  + o j  +  o '

( 2 . 4 1  l ' ' ; : 1  o i + 6 j

I arbitrary, otherwise.

The required solution X is given by X : QY QT .
Note that if the symmetry constraint were not presenl, then. assuming

rank(,4):  / r ,  we could take Y :  Z- 1C, and obtain the residual

(2 .5 )  Q. . ' :  l lAXr . ' -B l l  :  l l c r l l .

For rank(,4): n, the residual for the SP problem can be shown to be

(26)  p i r :  l lAXr r -B l l ' �

- y- \oic ii_- o il i i lt- + 116-rllr.
i7 i  oi  +6i

135

tAX-ull ': i l"[;] e'x-"ll ' : l l[;]n"n 
-p'Boll

: l lt;] " - ' l l '  : PY- C, rr'+ rrc,rr' '
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Expressions (2.5) and (2.6) quantify the effect on the residual of requiring X to
be symmetric. The summation term in (2.6) has no obvious interpretation, but of
course i t  must  be zero i f  X. ' : .4*B is  symmetr ic

Several interesting properties of the set of minimisers

r :  
{ " €  

R n ^ ': x : Xr and lltx - ul : 
:t|,llAz 

- Bll.]|

are displayed in the following lemma (cf. the corresponding properties for the
LS problem [a,p 138]) .

LEnaua l.

( a )  X e S +  X :  X r  a n d  A r A X + X A r A :  A r B + B r A .

(b) S is conuex.

(c) S has a unique element Xsp of minimal Frobenius norm.

( d )  S :  { X r " } ( : ) r a n k ( , 4 ) :  a .

Pnoon (Sketch).

(a): The matrix equation is obtained by manipulating (2.4). An alternative
derivation from first principles is possible by considering the expression

f (X + E) > f (X ), for E : Er, where f (X) : trace((.4X - B\r @X - B)) : l lA X - Bll2.
(c):Xr" is obtained by setting the arbitrary elements in (2.4) to zero. (b)follows
from (a), and (d) from (2.4). I

We will refer to the equations

( 2 . 7 )  A T A X + X A T A :  A T B + B T A

as the normal equations for the SP problem, since they are analogous to the
normal equations for the LS problem.

A special case of the sP problem is to hnd the nearest symmetric matrix to
a g iven square matr ix  B (m: n and A:1) .  The normal  equat ions (2.7)  y ie ld
immediately the solution y : (B+ Br)12, which is unique by Lemma l(d). This
solution is well-known [3].

In stating the SP problem Brock [2] actually requires that X be symmetric
positiue deJinite. However, his method of solution, l ike the one in [l l ], consists
of deriving the normal equations and describing a method for solving them. The
definiteness of the solution is not discussed. Clearly, Xs" will not, in general, be
positive dehnite. (Consider, for example, the nearest symmetric matrix problem
above.) However, a sufficient condition for the definiteness of Xr" is easily derived.
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LEnaue 2. If A is of lull rank and BrA+ATB is positit:e (semi-peJinite then

X5p i.s positiue (semi-)deJinite.

pnoor. Ar A has positive eigenvalues, so the unique solution Xr" to the normal

equations (2.7) may be expressed in the form [10' p. ala]

The result follows by considering the quadratic form 1''Xr"y. I

We note that the condition in Lemma 2 is not necessary-an example in

section 4 shows that Xr" can be positive definite when ,4rB+ BrA is indefinite.

A natural specialisation of the SP problem is (1.1) with P the set of symmetric

positive semi-definite matrices. (We must allow X to have zero eigenvalues for

the problem to be well-posed.) For m : n and A: I, solutions are known in

the case of the 2-norm [6,7], but the general problem appears to be unsolved.

We conclude this section by examining the sensitivity of the SP problem to

perturbations in the data. Our finding wil l be used in the next section to assess the

stabil ity of numerical methods for solving the SP problem. In the following we

use the condition number rcz(A) : o'f o" where r : rank('4)'

Tseotrv l .  Let  A€ R'"n,  m74 and let  X solue (2.1) .  Let  R soh'e

(2.8) rnin, l l ( .4 +6A)x - (B+dB)l l ,

where 5A,68 e R-^' ,  and deJine

R :  A X _ 8 ,

R  - -  Q q + 6 A ) *  - ( B + d B ) ,

r . n :  1 1 6 A l l r l l l A l l r ,

(2.e)

Assume that  tank(A):  rank( ,4 *6A) and rce1 < l '  Then

(2 r0) rrx - xrr = ,!a(',,,",,. lli{i . *, ,l||ll) + re'rrXrl

and

(2 .11 )  l lR -n l l  <  € , l lX l l l l , a l l z+ l l dB l l+ rce r l lR l l .

The last term in (2.1O) can be omitted if rank(A) : n.

Xr" : 
f  

'  
n o'o' p' '  A + A' B.e o' o' dt.

l * t ( , t ) ,  rank( '4) :  4,
"  

lu t2xr (A l -  rank( ,a )<  n '
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Pnoor. Our approach is to reduce the SP problem to an unconstrained LS
problem, and then to apply standard perturbation theory.

Let p : mn and Q : n2. Using the vec operator, which stacks the columns of a
matr ix  in to one long vector .  we can wr i tc

l lAX-B l l  :  l l vec ( ,aX-B) l l z :  l l ( 1 ,8  A )x -b l l , ,

w h e r e  I ^ @  A :  ( 6 , i A ) e  R P ' 4 ,  x :  v e c ( X ) €  R q ,  a n d  b :  v e c ( B ) e  R p .  T h e
symm€try of X restricts x to an s-dimensional subspace of Rq, where s : n(n + 1)12;
let S, be a matrix whose columns form an orthonormal basis for this subspace.

On set t ing x:  Sn,v,  and def in ing G:  (1 "@.4)S, ,  we see that  the SP problem
(2. l) is equivalent to the unconstrained LS problem

(2.r2) m i n  l l G , v - b l l z .

Similarly, the perturbed problem (2.8) may be identif ied with perturbations

G -  G + 5G, b -  b+ 6b,  1,  -  i  in  (2.12) ,  where

6G = ( t ,8  d, { )S, ,  i ib  :  vec(dB),  S" i  :  vec(- t ) .

Now the singular values of G are related to those of ;{ according to

This can be proved using the variational characterisation of singular values

[a, p. 286], in conjunction with the relation Gy : vec(AY) where Y : Y?' and

l  :  vec(y) .  I t  fo l lows that  x2(G):  rc  in  (2.9) ,  and l ldc l l ,  :  116,4 l l r ;  hence
rc2 (G) to : :  r c2 (G) l lSG l l r l l l c l l r :  K t :A  <  1 .  A l so ,  r ank ( .4 ) :  r ank (1+6 ,4 )  imp l i es
rank(G):  rank(G*dG).  Thus we can apply Theorem 5.1 of  [16]  to  (2.12)  and
i ts  per turbat ion.  to  obta in

r r ( c )  /  , .  . .  l l d b l l ,  l l r l l ,  \
l l r ' -  D l l '  < r  . '  :  ; , -  (  r ; c l l y l l z  I  

" , , - ) , ' , ' '  +x r (G l ro , i , : - ' , i  I  + r c r (G)co l l y l l r .
I  - r c r ( G ) c u  \  

"  ' ' '  
l l ( i l l ,  l l < ' l l z /

where r: Gy-h, and where the last term may be omitted if G has full rank.
This is easily seen to be equivalent to (2. l0). Similarly, a bound from Theorem 5.1
of [16] for the change in the residual yields (2.11). I

As the proof shows, the bounds in Theorem I have the same form as those
for the LS problem and their interpretation is identical. For a given problem
if the residual is relatively small then rc2(,4) measures the sensitivity of Xr". to
perturbations in the data; otherwise the solution sensitivity is measured by
rcr(A)2. Residual sensitivity is always measured by rc2(A).

o(G) : {J( ;  tu t@)+ "1(Ar) :  r  < ,  =  i  = , }



fa,p.2e3l.
2.  Form C, :  (c i ; )€ Rn' '  * t . r .  [ ! ' f  :  r 'Un.

LC'-J

3. Compute the upper triangle of the symmetric matrix Ye Rn"n according to

f r ' t , l o t .  
I  : 7  (  r ank ( ,4 ) ,

I
, ' ,  :  

I  
@'c' i l to 'c ' , ) l@l +oi) ,  i  > i  and i  (  rank(, ' l ) ,

[  , ) .  ot  herwise.
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3. Computation.

The derivation of Xr" in section 2 leads to the following computational

procedure for solving the SP problem (2.1).

Alqor i thm SP.
f r l

1 .  Compute the SI /D A:  P I  I  l0 t .  us ing the Golub-Reinsch SI /D a lgor i thm
L U l

4. Compute the upper triangle of the symmetric matrix X - QYQ'

Clost .  (At  most)  2mzn*6mn2 +37n3/6f lops.
Of course, any stable algorithm for computing the SZD could be used in

step 1. The issues in the implementation of steps I and 2 are essentially the

same as those associated with solving the LS problem using the S lzD and

are discussed in [4,p. 113-115f. For example,tf m >> n it is more efficient not to
form PT explicit ly but rather to apply it to B in factored form as it is

developed.
Making use of the backward error analysis for the Golub-Reinsch SVD

algorithm la,p.17af one can prove the following stabil ity result. The computed

solution ,t from Algorithm SP satisfies

t  :  Z+ 62, l l6zl l  < el lz l l ,

where Z is the solution to

min l l ( ,4  +6A)2 - (B+dB) l l ,
Z - Z r

where

l ld,al l  ( el l ,al l ,  l ldBll  < el lBl l ,
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and where c is a small multiple of the machine precision. Thus .f, is close to the
true solution of a problem with slightly perturbed data, and this is all that can
be expected of an algorithm for solving the sP problem in finite precision
arithmetic.

Now we discuss alternative methods for solving the SP problem. First, we
descr ibe the method of  Larson [11] ;Brock [2]  g ives a very s imi lar  method.  By
differentiatincllAX -nll2 with respect to the elements in the lower triangle of x
Larson I l  l ]  der ives the equat ions

( 3 . 1  ) H ' t H x : H r b ,  r e R ' ,  H € R ' n ' ' ,  h e R . n ,

where,  :  n(n+1)12.  Here,  b :  vec(B),  x  is  vec(X)wi th the redundant  e lements
coming from the strictly upper triangular part of X removed, and H is a
modified version of the Kronecker product I,@ A : (6,,A), of the form il lustrated
f o r m : n : 3 b y

H x :

x t r

X z t

X : t

x z z

X : l

X l :

Note that  l lAX-Bl l :  l lHx-b l l2  and equat ions (3.1)  are just  the normal
equations for the LS problem min,l lHx-bll, (cf. (2.12)).In fact, equations (3.1)
are essentially the same as the normal equations (2.7),beingobtained from them
by using symmetry considerations to reduce the order.

If ,4 has full rank, then Hr H is symmetric positive definite and one could use
a Choleski factorisation of HrH to solve (3.1). However, any method based on
forming the normal equations, whether in the form (3.1)or (2.7), has two serious
drawbacks; these are well-known in the case of the LS problem fa, p. AZl.
First, loss of information may occur when the products Ar A and Ar B, or Hr H
and Hrb, are formed in floating point arithmetic. For example, even if ,4 has full
rank the computed Ar A may be singular. Second, the normal equations bring
about a well-known "condition squaring" effect. To be precise, rt e.j) is solved
by a method for equations of the general form CX +XC : M, where C is
symmetric positive dehnite and M is symmetric, or if (3.1)is solved by a method
for general positive definite linear equations Cx : b, then the errors in the
computed solutions wil l be proporrional to rcr(A)2 for (2.7) and to rc2(H)2 for

a t t

a z t

Q t z

a z z

a t t

a z t

a t l

Q z z
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(3.1). Yet, as Theorem 1 shows, the mathematical sensitivity of the SP problem

is measured by x2(A) when the residual is small. Thus in small residual problems

with an i l l-conditioned ,4, methods based on the normal equations wil l generally

yield less accurate solutions than could be obtained using a stable method such

as Algorithm SP.
To avbid forming the normal  equat ions (3.1)one can consider  us ing a QR

factor isat ion of  H to solve d i rect ly  the LS problem min, l lHx-b l l r .  However,

H is  mnxn(n- t l ) l2 ,and to be compet i t ive wi th Algor i thm SP the QR factor isa-

tion would have to be accomplished in O(m2n) flops and O(mn) storage. It

appears that f i l l- in precludes this order of efficiency.

Finally, we mention two methods for solving the "big" normal equations (2.7)'

Since these are a special form of the Sylvester equation AX +XB: C one could

apply the orthogonal reduction technique of Bartels and Stewart [1]. This

involves computing Schur decompositions of .4 and B in the Sylvester equation.

However,  in  (2.1\  *A":  "8" :  ArA,  and i f  ArA is  formed expl ic i t ly  th is

approach reduces to an unstable variant of Algorithm SP that computes the

singular values and right singular vectors of .4 via a spectral decomposition of

ArA. Of course, one can instead use an SVD of ,4, in which case this approach

is essentially the same as Algorithm SP.

Alternatively, matrix sign function techniques enable (2.7) to be solved using

an iterative process involving only matrix multiplications and inversions [9].
In conclusion, Algorithm SP is the method of choice for solving the SP

problem because of its very desirable stabil ity properties. It also has the

advantage of being able to cope with rank-deficient problems. We will not

attempt to compare the computational costs of the methods discussed in this

section. We note, however, that it appears that in the applications in [2]
and [1lf m and n are relatively small (e.g. n : 3), in which case computational

cost is unlikely to be a major consideration in the choice of method.

4. Example and discussion.

As an example of an SP problem consider the following problem given in [2],

5 3  2
t 2  4
6 0  3

- l  2  - 3

A :

1 5  1 0  - 3

1 5 3
1 5  6  - 3  I

1 t l - )

B : (Ar B + Br A is indefinite)

Using a MATLAB [12] implementation of Algorithm SP, with machine precision

: l0-15, w€ obtained the (positive definite) computed solution whose upper

triangle is given to four decimal places by
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Y/ r  s P  -

2.9339 .9203 -.98961

1 . 8 7 9 1  . 0 3  r  s
e8;; ]

For compar ison,  the solut ion to the unconstra ined LS problem minr l l ,4X-Bl l  is

2.9305 .9305 - 1.0000
X rs :  .U662 1.8662 .0000

- .9605 .0395 1.0000

We g ive  a lso  the  re la t i ve  res idua ls  A(X) :  l lAX-B l l l ( l l .4 l l l lX l l )  and the  2-norm
condition numbers of the solutions.

a ( X )  ( z ( X )
S P :  1 . 9 5 8 - 2  8 . 3 8
L S :  1 . 8 4 E - 2  1 . 8 2

Note that the relative residual for the SP solution is only slightly larger than
that for the LS solution, and the condition numbers of the two solutions are
of the same order of magnitude.

we have observed the samc behaviour on severar randomly generated test
problems, with various dimensions m and n, and with different A of varying
condition. of course it is easy to construct problems where the LS solution
yields an arbitrari ly smaller residual, and problems where one of the LS
solution and the SP solution is arbitrari ly better conditioned than the other
( for  example,  consider  m: n and A:1) .  our  t imi ted exper iments lead us to
suggest that in applications where there are no a priori constraints on X, Xr"
may be worth considering as an alternative to xl.s if the reduction in storage
and subsequent computation brought about by a symmetric, and potentially
positive definite, solution are desirable. Indeed if Xr_, is computed via the SZD
then X5p can be computed, using Algorithm Sp, at relatively l i tt le extra cost.
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