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Abstract.

The null space method is a standard method for solving the linear least squares prob-
lem subject to equality constraints (the LSE problem). We show that three variants
of the method, including one used in LAPACK that is based on the generalized QR
factorization, are numerically stable. We derive two perturbation bounds for the LSE
problem: one of standard form that is not attainable, and a bound that yields the con-
dition number of the LSE problem to within a small constant factor. By combining the
backward error analysis and perturbation bounds we derive an approximate forward
error bound suitable for practical computation. Numerical experiments are given to
illustrate the sharpness of this bound.
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1 The LSE problem.

We consider the least squares problem with equality constraints

LSE : min
Bx=d

‖b − Ax‖2,(1.1)

where A ∈ R
m×n and B ∈ R

p×n, with m + p ≥ n ≥ p. We will assume that

rank(B) = p, null(A) ∩ null(B) = {0}.(1.2)

The assumption that B is of full rank ensures that the system Bx = d is consis-
tent and hence that the LSE problem has a solution. The second condition in
(1.2), which is equivalent to the condition that the matrix [AT , BT ]T has full
rank n, then guarantees that there is a unique solution [7, Section 5.1]. Note
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that the condition m ≥ n − p ensures that the LSE problem is overdetermined
and is more general than the common assumption m ≥ n.

The LSE problem arises in various applications, including the analysis of large-
scale structures [4] and the solution of the inequality constrained least square
problem [16, Chap. 23].

A standard method for solving the LSE problem is the null space method, of
which there are at least three versions in the literature. Existing error analysis
applies to just one of the methods and is unnecessarily pessimistic. We prove that
all three versions are numerically stable. We also give normwise perturbation
theory for the LSE problem. Combining the error analysis and the perturbation
theory we obtain an error bound that can be estimated efficiently in practice.
The main motivation for our work comes from LAPACK, which has a driver
routine xgglse.f for solving the LSE problem. There is no existing error analysis
for xgglse.f and this driver does not currently compute error bounds.

In Section 2 we introduce the generalized QR factorization and describe the
three null space methods. The stability of the methods is proved in Section 3 via
detailed rounding error analysis. In Section 4 we present perturbation theory for
the LSE problem. We derive a bound essentially the same as one of Eldén [8].
We explain why the bound is not sharp and, by modifying the analysis, derive an
almost sharp bound that yields a quantity that is within a small constant factor
of the condition number for the LSE problem. Finally, in Section 5 we describe
a practical error bound and present some numerical experiments to show the
sharpness of the bound.

2 The null space method.

We describe three versions of the null space method for solving the LSE prob-
lem, so-called because it employs an orthogonal basis for the null space of the
constraint matrix. We begin with a version based on the generalized QR factor-
ization. The generalized QR factorization was introduced by Hammarling [12]
and Paige [17] and further analyzed by Anderson, Bai and Dongarra [2].

Theorem 2.1. (Generalized QR factorization) Let A ∈ R
m×n and

B ∈ R
p×n with m + p ≥ n ≥ p. There are orthogonal matrices Q ∈ R

n×n and
U ∈ R

m×m such that

UTAQ =
( p n−p

m−n+p L11 0
n−p L21 L22

)
, BQ =

( p n−p

p S 0
)
,(2.1)

where L22 and S are lower triangular. More precisely, we have

UTAQ =


( n

m−n 0
n L

)
if m ≥ n,

( n−m m

m X L
)

if m < n,

(2.2)
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where L is lower triangular. The assumptions (1.2) are equivalent to S and L22

being nonsingular.
Proof. Let

QT BT =
[

ST

0

]
be a QR factorization of BT . We can determine an orthogonal U so that UT(AQ)
has the form (2.2), where L is lower triangular (for example, we can construct
U as a product of suitably chosen Householder transformations). Clearly, B has
full rank if and only if S is nonsingular. Partition Q = [Q1 Q2] conformably
with [S 0] and assume S is nonsingular. Then, clearly, null(B) = range(Q2).
We can write

A [ Q1 Q2 ] = [ U1 U2 ]
[

L11 0
L21 L22

]
,

so that AQ2 = U2L22. It follows that null(A) ∩ null(B) = {0} is equivalent to
L22 being nonsingular.

While (2.2) is needed to define the generalized QR factorization precisely, the
partitioning of UT AQ in (2.1) enables us to explain the application to the LSE
problem without treating the cases m ≥ n and m < n separately.

Using (2.1) the constraint Bx = d may be written

Sy1 = [ S 0 ]
[

y1

y2

]
= d, y = QT x.

Hence the constraint determines y1 ∈ R
p as the solution of the triangular system

Sy1 = d and leaves y2 ∈ R
n−p arbitrary. Since

‖b − Ax‖2 = ‖c − UT AQy‖2, c = UT b,

we see that we have to find

min
y2

∥∥∥∥[
c1

c2

]
−

[
L11 0
L21 L22

] [
y1

y2

]∥∥∥∥
2

= min
y2

∥∥∥∥[
c1 − L11y1

(c2 − L21y1) − L22y2

]∥∥∥∥
2

.

Therefore y2 is the solution to the triangular system L22y2 = (c2 − L21y1). The
solution x is recovered from x = Qy. We refer to this particular solution process
as the GQR method.

Note that the GQR method carries out slightly more computation than nec-
essary, since if the first block column of UTAQ in (2.1) is full a solution can be
computed in a similar way. We can therefore redefine U to reduce just the last
n−p columns of AQ to lower triangular form (so that U is a product of just n−p
Householder transformations) and not explicitly apply U to the first p columns
of AQ:

[ W1 W2 ] = AQ = A
( p n−p

Q1 Q2

)
, UT W2 =

[
0

L22

]
.



ACCURACY AND STABILITY OF THE NULL SPACE METHOD 37

Then

‖b − Ax‖2 =
∥∥∥∥b − [ W1 W2 ]

[
y1

y2

]∥∥∥∥
2

= ‖(b − W1y1) − W2y2‖2

=
∥∥∥∥UT (b − W1y1) −

[
0

L22

]
y2

∥∥∥∥
2

=
∥∥∥∥[

g1

g2 − L22y2

]∥∥∥∥
2

,

where

y = QT x,

[
g1

g2

]
= UT (b − W1y1),

and we solve L22y2 = g2. This is the form of the null space method described by
Lawson and Hanson [16, Chap. 20] and Golub and Van Loan [11, Sec. 12.1.4];
we will call it Method 2.

The computational cost can be reduced further by observing that we do not
need to form W1 explicitly, since W1y1 = A(Q1y1); it suffices to compute matrix-
vector products with A and Q1. Exploiting this observation we obtain the form
of the null space method described by Björck [7, Section 5.1.3] and Van Loan
[18], which we will call Method 3.

The distinction between Methods 2 and 3 has not, to our knowledge, previously
been pointed out in the literature. Approximate operation counts for all three
methods are given in Table 2 assuming the use of Householder transformations
and where a flop denotes a floating point operation.

Table 2.1: Approximate flop counts for the three null space methods.

GQR Method 2mn2 + 4mnp + 2np2 − 2mp2 − 2n3/3 − 2p3/3
Method 2 2m(n − p)2 + 4mnp + 2np2 − 2mp2 − 2p3/3 − 2(n − p)3/3
Method 3 4n2p + 4p3/3 + 2mn(n− p) + 2m(n − p)2 − 2p3/3

− 2np2 − 2(n − p)3/3

3 Error analysis.

We now investigate the stability of the three variations of the null space
method. We use the standard model of floating point arithmetic [15, Section
2.2], namely

fl(x op y) = (x op y)(1 + δ), |δ| ≤ u, op = +,−, ∗, /,

where u is the unit roundoff, together with the (equally valid) variation

fl(x op y) =
x op y

1 + δ
, |δ| ≤ u, op = +,−, ∗, /.(3.1)

We define the constants

γn =
nu

1 − nu
, γ̃n =

cnu

1 − cnu
,
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where c denotes a small integer constant whose precise value is unimportant.
First, we examine the GQR method.

Theorem 3.1. Suppose the LSE problem (1.1) is solved using the GQR
method, where the generalized QR factorization is computed using Householder
transformations and where the assumptions (1.2) are satisfied. The computed so-
lution x̂ = x+∆x, where x solves min{‖b+∆b−(A+∆A)x‖2 : (B+∆B)x = d},
and where

‖∆x‖2 ≤ γ̃np‖x‖2, ‖∆b‖2 ≤ γ̃mn‖b‖2,

‖∆A‖F ≤ γ̃mn‖A‖F , ‖∆B‖F ≤ γ̃np‖B‖F .

Proof. The proof involves careful combination of standard results on matrix–
vector multiplication, solution of triangular systems, and application of House-
holder transformations.

Let L̂ and Ŝ be the computed triangular matrices in the generalized QR fac-
torization (2.1). We deduce from [15, Lemma 18.3, Thm. 18.4] that there exist
orthogonal Q̃ ∈ R

n×n and Ũ ∈ R
m×m such that

(B + ∆B1)Q̃ =
[
Ŝ 0

]
, ‖∆B1‖F ≤ γ̃np‖B‖F ,(3.2)

ŨT (A + ∆A1)Q̃ =
[

L̂11 0
L̂21 L̂22

]
, ‖∆A1‖F ≤ γ̃mn‖A‖F ,(3.3)

where ∆A1 includes the effect of the errors in forming fl(AQ) and the errors
in the reduction to lower triangular form. The results that we state for multi-
plication by Q and U hold whether the multiplications are done using the rep-
resentation of each matrix as a product of Householder transformations or by
computing Q and U explicitly and carrying out a full matrix–matrix or matrix–
vector multiplication.

The computed ŷ1 satisfies [15, Thm. 8.5]

(Ŝ + ∆S)ŷ1 = d, ‖∆S‖F ≤ γp‖Ŝ‖F ,(3.4)

while we have [15, Lemma18.3]

ĉ = ŨT (b + ∆b), ‖∆b‖2 ≤ γ̃mn‖b‖2.(3.5)

Now we consider the computation of ŷ2; care is required here to avoid introducing
unnecessary condition number terms. First, we form the vector g = c2 − L21y1.
The computed vector can be written, using (3.1) and [15, Section 3.5]

ĝ = (I + D)−1
(
ĉ2 − (L̂21 + ∆L21)ŷ1

)
,

D = diag(δi), |δi| ≤ u, ‖∆L21‖F ≤ γp‖L̂21‖F .

Then we have

(L̂22 + ∆̃L22)ŷ2 = ĝ, ‖∆̃L22‖F ≤ γn−p‖L̂22‖F .
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Hence

ĉ2 − (L̂21 + ∆L21)ŷ1 = (I + D)(L̂22 + ∆̃L22)ŷ2 = (L̂22 + ∆L22)ŷ2,(3.6)

where

‖∆L22‖F ≤ (1 + u)γn−p‖L̂22‖F + u‖L̂22‖F = γ̃n−p‖L̂22‖F .

From (3.2), (3.3), (3.5) and (3.6) it follows that x = Q̃ŷ is the exact LSE solution
corresponding to the perturbed data A + ∆A, B + ∆B and b + ∆b, where ∆b is
defined in (3.5) and

∆B = ∆B1 + [∆S 0 ] Q̃T ,

∆A = ∆A1 + Ũ

[
0 0

∆L21 ∆L22

]
Q̃T .

The bounds on the norms of ∆b, ∆A and ∆B are immediate. Finally, we have

x̂ = fl(Qŷ) = Q̃ŷ + ∆x, ‖∆x‖2 ≤ γ̃np‖ŷ‖2 = γ̃np‖x‖2,(3.7)

using [15, Lemma18.3] again.
Theorem 3.1 shows that the computed LSE solution is close to the solution

of a slightly perturbed problem, using normwise measures; in other words, the
GQR method is numerically stable in a mixed forward/backward sense. We can
obtain a genuine backward error result at the cost of weakening the bound on
∆b and perturbing d.

Theorem 3.2. Under the same assumptions as in Theorem 3.1, the computed
solution x̂ from the GQR method solves min{‖b + ∆b − (A + ∆A)x‖2 : (B +
∆B)x = d + ∆d}, where

‖∆b‖2 ≤ γ̃mn‖b‖2 + γ̃np‖A‖F ‖x̂‖2, ‖∆A‖F ≤ γ̃mn‖A‖F ,

‖∆B‖F ≤ γ̃np‖B‖F , ‖∆d‖2 ≤ γ̃np‖B‖F ‖x̂‖2.

Proof. We modify the proof of Theorem 3.1 by rewriting x̂ as

x̂ = Q̃y, y = ŷ + ∆ŷ, ‖∆ŷ‖2 ≤ γ̃np‖ŷ‖2.

The error ∆ŷ now has to be accounted for by perturbations to d and b. Equation
(3.4) may be rewritten

(Ŝ + ∆S)y1 = d + ∆d, ∆d = (Ŝ + ∆S)∆ŷ1,

‖∆d‖2 ≤ γ̃np‖B‖F ‖ŷ‖2 = γ̃np‖B‖F‖x̂‖2.

Equation (3.6) may be rewritten

(L̂22 + ∆L22)y2 =
[
ĉ2 + (L̂22 + ∆L22)∆ŷ2

]
− (L̂21 + ∆L21)ŷ1
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and we can redefine ĉ2 to be the term in square brackets if we add

Ũ

[
0

(L̂22 + ∆L22)∆ŷ2

]
to ∆b in (3.5). We then have

‖∆b‖2 ≤ γ̃mn‖b‖2 + ‖A‖F γ̃np‖ŷ‖2

= γ̃mn‖b‖2 + γ̃np‖A‖F ‖x̂‖2.

The result follows.
Note that Theorem 3.2 does not prove normwise backward stability since the

perturbation in b can be much larger than u‖b‖2, and likewise for d.
Whether the conclusions that we have drawn for the GQR method hold also

for Method 2 is not immediately obvious. Indeed, Galligani and Laratta [10]
give an error analysis of Method 2 in which they obtain a result of the form in
Theorem 3.1 but with an extra factor κ2(B)‖B+d‖2 in the bound for ‖∆b‖2,
where κ2(B) = ‖B‖2‖B+‖2. As we now show, this factor is unnecessary. The
following lemma will be needed.

Lemma 3.3. Let s = b − Ax + e, for any conformable matrix A and vectors
s, b, x, e, where ‖e‖2 ≤ ε‖b − Ax‖2. Then s = b + ∆b − (A + ∆A)x, where
‖∆b‖2 ≤ ε‖b‖2 and ‖∆A‖2 ≤ ε‖A‖2.

Proof. Let E = erT /(rT r), where r = b − Ax. Then ‖E‖2 = ‖e‖2/‖r‖2 ≤ ε
and e = Er. Hence s = b + Eb − (A + EA)x, so the result holds with ∆b = Eb
and ∆A = EA.

Theorem 3.4. Suppose the LSE problem (1.1) is solved by Method 2, using
Householder transformations, and let the assumptions (1.2) be satisfied. The
computed solution x̂ = x + ∆x, where x solves min{‖b + ∆b − (A + ∆A)x‖2 :
(B + ∆B)x = d}, and where

‖∆x‖2 ≤ γ̃np‖x‖2, ‖∆b‖2 ≤ γ̃1+m(n−p)‖b‖2,

‖∆A‖F ≤ γ̃np+m(n−p)‖A‖F , ‖∆B‖F ≤ γ̃np‖B‖F .

Proof. As in the proof of Theorem 3.1, there exist orthogonal Q̃ =
[
Q̃1 Q̃2

]
∈ R

n×n and Ũ ∈ R
m×m such that

(B + ∆B1)Q̃ =
[
Ŝ 0

]
, ‖∆B1‖F ≤ γ̃np‖B‖F ,[

Ŵ1 Ŵ2

]
= (A + ∆A1)Q̃, ‖∆A1‖F ≤ γ̃np‖A‖F ,

ŨT (Ŵ2 + ∆̃W 2) =
[

0
L̂22

]
, ‖∆̃W 2‖F ≤ γ̃m(n−p)‖Ŵ2‖F ≤ γ̃m(n−p)‖A‖F .

Again, the computed ŷ1 satisfies

(Ŝ + ∆S)ŷ1 = d, ‖∆S‖F ≤ γp‖Ŝ‖F .
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For the formation of h = b − W1y1, we obtain, using (3.1) and [15, Section 3.5],

ĥ = (I + D)(b − (Ŵ1 + E1)ŷ1), D = diag(δi), |δi| ≤ u, ‖E1‖F ≤ γp‖Ŵ1‖F

and
ĥ = b + ∆b1 − (Ŵ1 + E2)ŷ1, ‖∆b1‖2 ≤ u‖b‖2, ‖E2‖F ≤ γ̃p‖Ŵ1‖F .

Then we form g = UT h, obtaining [15, Lemma18.3]

ĝ = ŨT (ĥ + ∆h), ‖∆h‖2 ≤ γ̃m(n−p)‖ĥ‖2.

Invoking Lemma 3.3 we obtain

ĝ = ŨT (b + ∆b − (Ŵ1 + ∆W1)ŷ1), ‖∆b‖2 ≤ γ̃1+m(n−p)‖b‖2,(3.8)

‖∆W1‖F ≤ γ̃p+m(n−p)‖Ŵ1‖F ≤ γ̃p+m(n−p)‖A‖F .

The computed solution ŷ2 satisfies

(L̂22 + ∆L22)ŷ2 = ĝ2, ‖∆L22‖F ≤ γn−p‖L̂22‖F .

Hence ŷ2 is the solution to

min
z

∥∥∥∥[
ĝ1

ĝ2

]
−

[
0

L̂22 + ∆L22

]
z

∥∥∥∥
2

= min
z

∥∥∥∥b + ∆b − (Ŵ1 + ∆W1)ŷ1 − Ũ

[
0

L̂22 + ∆L22

]
z

∥∥∥∥
2

= min
z

∥∥∥∥b + ∆b − (Ŵ1 + ∆W1)ŷ1 −
(

Ŵ2 + ∆̃W 2 + Ũ

[
0

∆L22

])
z

∥∥∥∥
2

= min
z

∥∥∥b + ∆b − (Ŵ1 + ∆W1)ŷ1 − (Ŵ2 + ∆W2)z
∥∥∥

2
,

where
‖∆W2‖F ≤ γ̃m(n−p)‖A‖F .

Putting these results together, we find that x = Q̃T ŷ is the exact LSE solution
corresponding to the perturbed data A + ∆A, B + ∆B and b + ∆b, where ∆b is
defined in (3.8) and

∆B = ∆B1 + [ ∆S 0 ] Q̃T ,

∆A = ∆A1 + [ ∆W1 ∆W2 ] Q̃T .

The normwise bounds for ∆b, ∆A and ∆B follow. The last part of the proof is
the same as for Theorem 3.1.

Theorem 3.4 shows that Method 2 enjoys the same stability result as the GQR
method, with slightly improved dependence of the constants on the dimensions.
It is straightforward to show that the result of Theorem 3.4 applies also to
Method 3. Analogues of Theorem 3.2 hold for Methods 2 and 3.

Having obtained backward error bounds for the three versions of the null space
method, we now wish to determine forward error bounds, that is, bounds for
‖x − x̂‖2/‖x‖2. The necessary perturbation theory is the subject of the next
section.
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4 Perturbation theory.

We wish to determine the sensitivity of the LSE solution to perturbations ∆A,
∆b, ∆B and ∆d in A, b, B and d, respectively. We assume that the conditions
(1.2) hold. We also assume that (1.2) holds for the perturbed data A + ∆A
and B + ∆B, which will certainly be true if ∆A and ∆B are sufficiently small.
Perturbation theory under weaker rank assumptions is presented by Wei [20].

Perturbation theory for the LSE problem is given in several earlier references
[2, 5, 8]; we give a full analysis in order to investigate the sharpness of the
bounds.

We will measure the perturbations normwise by the smallest ε for which

‖∆A‖F≤ε‖A‖F , ‖∆b‖2 ≤ ε‖b‖2,(4.1a)
‖∆B‖F≤ε‖B‖F , ‖∆d‖2 ≤ ε‖d‖2,(4.1b)

where A, B, b and d are matrices and vectors of tolerances. We use the Frobe-
nius norm for the matrices since the Frobenius norm is used in the error analysis
of Section 3 and also because it leads to more cheaply computable bounds than
the 2-norm. A tilde will be used to denote vectors associated with the perturbed
problem.

Before beginning the analysis we note that some key matrices that will appear
later can be expressed in terms of the generalized QR factorization as follows:

B+ = Q

[
S−1

0

]
,(4.2a)

P = Ip − B+B = Q

[
0 0
0 In−p

]
QT ,(4.2b)

(AP )+ = Q

[
0 0
0 L−1

22

]
UT ,(4.2c)

B+
A = (In − (AP )+A)B+ = Q

[
Ip

−L−1
22 L21

]
S−1.(4.2d)

Let

‖b − Ax‖2 = min{ ‖b− Az‖2 : Bz = d },(4.3a)
‖(b + ∆b) − (A + ∆A)x̃‖2 = min{ ‖(b + ∆b) − (A + ∆A)z‖2 :

(B + ∆B)z = d + ∆d }(4.3b)

and define the residuals

r = b − Ax, r̃ = b + ∆b − (A + ∆A)x̃.

We note for later use that a condition number for the LSE problem can be
defined by

cond(A, B, b, d) = lim
ε→0

sup

{
‖x − x̃‖2

‖x‖2
: (4.3) and (4.1) hold

}
.
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One way to obtain perturbation bounds is to invoke perturbation theory for
the generalized QR factorization [6]. However, the bounds in [6] are rather
complicated and it is more satisfactory to work directly from the easily derived
augmented system  0 0 B

0 I A
BT AT 0

 λ
r
x

 =

 d
b
0

 ,(4.4)

where λ ∈ R
p is a vector of Lagrange multipliers. For the perturbed problem,

the augmented system can be rewritten as 0 0 B
0 I A

BT AT 0

 λ̃
r̃
x̃

 =

 d + ∆d − ∆Bx̃
b + ∆b − ∆Ax̃

−∆BT λ̃ − ∆AT r̃

 .(4.5)

Defining ∆λ, ∆r and ∆x by

λ̃ = λ + ∆λ, r̃ = r + ∆r, x̃ = x + ∆x,

we subtract (4.4) from (4.5) to obtain 0 0 B
0 I A

BT AT 0

∆λ
∆r
∆x

 =

 ∆d − ∆Bx̃
∆b − ∆Ax̃

−∆BT λ̃ − ∆AT r̃

 .(4.6)

We can solve for the desired perturbations with the aid of the following lemma.
Lemma 4.1. Under the assumption (1.2), the inverse of the matrix on the

left-hand side of (4.6) is (AB+
A)T AB+

A −(AB+
A)T B+T

A

−AB+
A I − AP (AP )+ (AP )+T

B+
A (AP )+ −((AP )T AP )+

 ,

where
P = I − B+B, B+

A = (I − (AP )+A)B+.

Proof. Eldén [8] shows that the inverse in question is (AB+
A )T AB+

A −(AB+
A)T B+T

A

−AB+
A I − AP (AP )+ (P (AP )+)T

B+
A P (AP )+ −P ((AP )T AP )+PT

 .

Using the generalized QR factorization (2.1) it is straightforward to show that

P (AP )+ = (AP )+,

P ((AP )T AP )+PT = ((AP )T AP )+,

which yields the claimed expression for the inverse.
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Using Lemma 4.1 we obtain from (4.6) the following expression for ∆x:

∆x = B+
A(∆d − ∆Bx̃) + (AP )+(∆b − ∆Ax̃)

+ ((AP )T AP )+(∆BT λ̃ + ∆AT r̃).(4.7)

Since ∆λ, ∆r and ∆x are all of order ε, we can replace λ̃, r̃ and x̃ by their
unperturbed counterparts to obtain first order expressions. We then need to
remove the Lagrange multiplier λ from the expressions, since we require expres-
sions involving only x and r. From (4.4) we have BT λ + AT r = 0. Since B has
full rank, BB+ = I and so λ = −(AB+)T r. The following lemma provides an
alternative expression for λ.

Lemma 4.2. Under the assumptions (1.2),

(AB+)T r = (AB+
A )T r.

Proof. Using the generalized QR factorization (2.1) and (4.2) we find that

AB+ = U

[
L11

L21

]
S−1, AB+

A = U

[
L11

0

]
S−1.(4.8)

The derivation of the GQR method shows that the LSE residual

r = U

[
c1 − L11y1

0

]
.

The result follows.
We will use the expression λ = −(AB+

A)T r, since

‖AB+
A‖2 ≤ ‖AB+‖2(4.9)

from (4.8), and the norm of the matrix multiplying r is a factor in our fi-
nal bound. (Inequality (4.9) also follows from the characterization of B+

A as
a weighted pseudo-inverse [8, 9].) With these simplifications we obtain

∆x = B+
A (∆d − ∆Bx) + (AP )+(∆b − ∆Ax)

+ ((AP )T AP )+(−∆BT (AB+
A )T + ∆AT )r + O(ε2).(4.10)

Taking 2-norms and using (4.1) we obtain

‖∆x‖2 ≤ ε
[
‖B+

A‖2(‖d‖2 + ‖B‖F‖x‖2) + ‖(AP )+‖2(‖b‖2 + ‖A‖F ‖x‖2)

+ ‖((AP )T AP )+‖2(‖B‖F‖AB+
A‖2 + ‖A‖F )‖r‖2

]
+ O(ε2).

Using the equality, for arbitrary X , ‖(XT X)+‖2 = ‖X+‖2
2, we have

‖∆x‖2

‖x‖2
≤ ε

[
‖B+

A‖2

(
‖d‖2

‖x‖2
+ ‖B‖F

)
+ ‖(AP )+‖2

(
‖b‖2

‖x‖2
+ ‖A‖F

)
+ ‖(AP )+‖2

2(‖B‖F ‖AB+
A‖2 + ‖A‖F )‖r‖2/‖x‖2

]
+ O(ε2).
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Defining
κB(A) = ‖A‖F ‖(AP )+‖2, κA(B) = ‖B‖F‖B+

A‖2,

the bound can be rewritten as

‖∆x‖2

‖x‖2
≤ ε

[
κA(B)

(
‖d‖2

‖B‖F‖x‖2
+

‖B‖F

‖B‖F

)
+ κB(A)

(
‖b‖2

‖A‖F‖x‖2
+

‖A‖F

‖A‖F

)

+ κB(A)2
(
‖B‖F

‖B‖F

‖B‖F

‖A‖F
‖AB+

A‖2 +
‖A‖F

‖A‖F

)
‖r‖2

‖A‖F ‖x‖2

]
+ O(ε2).(4.11)

This is essentially the same bound as that obtained by Eldén [8], the differences
stemming from different assumptions on the perturbations in (4.1). Unlike An-
derson, Bai and Dongarra [2], we will not simplify the bound using the inequality

‖B‖F

‖A‖F
‖AB+

A‖2 ≤ κA(B),

because this is potentially a very weak inequality, as can be seen by noting that
(see (4.2) and (4.8))

‖AB+
A‖2 = ‖L11S

−1‖2, ‖B+
A‖2 = ‖L−1

22 L21S
−1‖2.

As a check, we can recover a perturbation bound for the standard LS problem
by setting B = 0, B = 0 and d = 0. We obtain

‖∆x‖2

‖x‖2
≤ ε

[
κ̃(A)

(
‖b‖2

‖A‖F‖x‖2
+

‖A‖F

‖A‖F

)
+ κ̃(A)2

‖A‖F

‖A‖F

‖r‖2

‖A‖F‖x‖2

]
+ O(ε2),

where κ̃(A) = ‖A‖F ‖A+‖2. If we take A = A and b = b and use ‖b‖2 ≤
‖r‖2 + ‖A‖F ‖x‖2 the bound can be rewritten as

‖∆x‖2

‖x‖2
≤ εκ̃(A)

(
2 + (κ̃(A) + 1)

‖r‖2

‖A‖F ‖x‖2

)
+ O(ε2),

which is essentially the standard bound of Wedin [19, Thm. 5.1], [15, Thm. 19.1].
The bound (4.11) shows that if the residual r is small or zero, the sensitivity is

governed by κA(B) and κB(A), otherwise by κA(B) and κB(A)2‖B‖F‖AB+
A‖2/

‖A‖F . A sufficient condition for the LSE problem to be well conditioned is that
B and AP are both well conditioned, as can be seen by using the relations (4.2).

The bound (4.11) does not yield a condition number for the LSE problem, since
it is not attainable. To obtain a sharp bound we must combine the two ∆A terms
before taking norms, and likewise for ∆B. This can be achieved with the aid
of the vec operator, which stacks the columns of a matrix into one long vector,
together with the Kronecker product A ⊗ B = (aijB) [13]. Applying the vec
operator to (4.10), and using the property that vec(AXB) = (BT ⊗ A) vec(X),
we obtain
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∆x = B+
A∆d − (xT ⊗ B+

A) vec(∆B) + (AP )+∆b − (xT ⊗ (AP )+) vec(∆A)
−

(
rT AB+

A ⊗ ((AP )T AP )+
)
vec(∆BT )

+
(
rT ⊗ ((AP )T AP )+

)
vec(∆AT ) + O(ε2).

Employing the relation vec(∆AT ) = Π vec(∆A) where Π is the vec-permutation
matrix [13], we obtain

∆x = B+
A∆d + (AP )+∆b −

(
xT ⊗ B+

A + [rT AB+
A ⊗ ((AP )T AP )+]Π

)
vec(∆B)

+
(
−xT ⊗ (AP )+ + [rT ⊗ ((AP )T AP )+]Π

)
vec(∆A) + O(ε2).(4.12)

By taking 2-norms and using ‖ vec(∆A)‖2 = ‖∆A‖F and (4.1) we deduce that

‖∆x‖2

‖x‖2
≤ Ψε + O(ε2),(4.13)

where

Ψ =
(
‖B+

A‖2‖d‖2 + ‖(AP )+‖2‖b‖2

+ ‖xT ⊗ B+
A + [rT AB+

A ⊗ ((AP )T AP )+]Π‖2‖B‖F

+ ‖−xT ⊗ (AP )+ + [rT ⊗ ((AP )T AP )+]Π‖2‖A‖F

)
/‖x‖2

and
cond(A, B, b, d) ≤ Ψ ≤ 4 cond(A, B, b, d).

The bound (4.13) is much more difficult to interpret than (4.11) because of the
complicated expression for Ψ . In the next section we compare the bounds (4.13)
and (4.11) on some numerical examples.

A bound can be derived for ∆r in just the same way as for ∆x:

‖∆r‖2

‖r‖2
≤ ε

[
‖B‖F

‖A‖F
‖AB+

A‖2

(
‖d‖2

‖r‖2

‖A‖F

‖B‖F
+

‖B‖F

‖B‖F

‖A‖F‖x‖2

‖r‖2

)
(4.14)

+ min{1, m + 1 − n}
(
‖b‖2

‖r‖2
+

‖A‖F

‖A‖F

‖A‖F‖x‖2

‖r‖2

)
(4.15)

+ κB(A)
(
‖B‖F

‖B‖F

‖B‖F

‖A‖F
‖AB+

A‖2 +
‖A‖F

‖A‖F

)]
+ O(ε2).(4.16)

In contrast to the bound for ∆x, that for ∆r shows no direct dependence on
κA(B), and κB(A) appears only to the first power.

Finally, we note that componentwise perturbation bounds for ∆x (and, simi-
larly, for ∆r) can be obtained by replacing the norms in (4.1) by absolute values
and taking absolute values in (4.10) and (4.12). These bounds are of limited
practical use since we do not have componentwise backward error bounds for
any of the existing numerical methods for solving the LSE problem.
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5 Practical error bound and numerical experiments.

Some of the LAPACK expert driver routines return error bounds, while for
certain other routines the LAPACK Users’ Guide [1] explains how the user can
compute approximate error bounds. No error bounds are implemented or de-
scribed for the driver routine xgglse.f, which solves the LSE problem by the
GQR method. We can derive a bound by combining Theorem 3.1 and the per-
turbation bound (4.11). We find that the computed solution x̂ satisfies

‖x − x̂‖2

‖x‖2
≤ γ̃npκA(B) + γ̃mnκB(A)

(
‖b‖2

‖A‖F‖x‖2
+ 1

)
+ κB(A)2

(
γ̃np

‖B‖F

‖A‖F
‖AB+

A‖2 + γ̃mn

)
‖r‖2

‖A‖F‖x‖2
+ O(u2).

This bound is unsatisfactory for two reasons. First, we do not know the constants
implicit in the γ̃ terms. Following the LAPACK Users’ Guide we adopt the
radical step of replacing each γ̃ term by u, which is partly justified by the
fact that the dimension-dependent terms are obtained by many applications of
the triangular and submultiplicative inequalities and so are pessimistic (see [1,
pp. 70–73] for a more detailed discussion). The second problem is that the bound
requires computation of the quantities ‖B+

A‖2, ‖(AP )+‖2 and ‖AB+
A‖2. Using

the generalized QR factorization (2.1) these quantities may be expressed as (see
(4.2) and (4.8))

‖B+
A‖2 =

∥∥∥∥[
Ip

−L−1
22 L21

]
S−1

∥∥∥∥
2

,

‖(AP )+‖2 = ‖L−1
22 ‖2, ‖AB+

A‖2 = ‖L11S
−1‖2.

To avoid the possibly expensive formation of the matrices involving L−1
22 and S−1

the norms of these matrices are estimated using the LAPACK norm estimator [1],
[14], which estimates ‖B‖1 given only the ability to form matrix-vector products
Bx and BT y. We can compute the required products by solving triangular
systems and we accept the 1-norm estimate as an approximation to the 2-norm.
A further computational saving is to compute ‖A‖F and ‖B‖F as

‖A‖F =
(
‖L11‖2

F + ‖L21‖2
F + ‖L22‖2

F

)1/2
, ‖B‖F = ‖S‖F .

To summarize, the approximate bound that we estimate is

‖x − x̂‖2

‖x‖2

<∼ u

[
κA(B) + κB(A)

(
‖b‖2

‖A‖F‖x‖2
+ 1

)

+ κB(A)2
(
‖B‖F

‖A‖F
‖AB+

A‖2 + 1
)

‖r‖2

‖A‖F ‖x‖2

]
= lse err.(5.1)

We have carried out numerical experiments to test the sharpness and relia-
bility of the bound (5.1) and to compare it with the smaller bound Ψu (with
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Table 5.1: Results for the GQR Method.

κA(B) = 2.16e1, κB(A) = 1.99e1, ‖AB+
A‖2 = 6.17.

err lse err ψu res ‖x‖2

5.85e-7 2.75e-6 2.75e-6 5.05e-8 4.45e0
8.14e-7 1.37e-5 7.45e-6 2.26e-1 4.45e0

Table 5.2: Results for the GQR Method.

κA(B) = 9.33e4, κB(A) = 4.16e1, ‖AB+
A‖2 = 3.83.

err lse err ψu res ‖x‖2

5.13e-4 5.56e-3 5.56e-3 2.12e-8 7.99e4
3.49e-4 5.60e-3 5.59e-3 2.70e-1 4.45e0

A = A, b = b, B = B, d = 0) obtained in an analogous way from (4.13). Our
experiments were performed in Matlab. We simulated single precision arith-
metic by rounding the result of every arithmetic operation to 24 bits; thus the
unit roundoff u = 2−24 ≈ 6×10−8. To compute the forward error ‖x− x̂‖2/‖x‖2

we used for x the solution computed in double precision arithmetic. The GQR
Method and Methods 2 and 3 were found to give very similar errors (usually
agreeing to at least one significant figure), so we report only the errors for the
GQR Method.

We generated random LSE problems with various prescribed conditioning
properties by choosing the generalized QR factors and working backwards.

Results are reported in Tables 5.1–5.4, with the notation

err =
‖x − x̂‖2

‖x‖2
, res =

‖r‖2

‖A‖F ‖x‖2

for the forward error and relative residual, respectively. In these experiments
we computed the quantities κA(B), κB(A) and ‖AB+

A‖2, required to evaluate
lse err, exactly. We took m = 25, n = 15 and p = 5.

Each table reports two examples with the same conditioning parameters, one
with a small relative residual and the other with a large relative residual. In
Tables 5.1 and 5.2 the size of the residual has little effect on the error. In
Tables 5.3 and 5.4 the error is much larger when the residual is large than when
it is small, reflecting the effect of a large term κB(A)2‖AB+

A‖F premultiplying
the relative residual in the bound (5.1).

We see from the tables that the bound lse err exceeds the forward error in
every case, by a factor varying from approximately 10 to 500. The quantity Ψu
from the sharp bound (4.13) is no larger than lse err, but is smaller by at most a
factor 10. We conclude that the overestimation of the error produced by lse err
(which can, of course, be much more severe than in these experiments, since the
actual error can be made zero or very small by suitable choice of the problem)
is largely inherent in the use of a worst-case bound, and cannot be improved
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Table 5.3: Results for the GQR Method.

κA(B) = 1.01e5, κB(A) = 9.72e3, ‖AB+
A‖2 = 1.88e2.

err lse err ψu res ‖x‖2

1.28e-4 6.73e-3 6.72e-3 6.20e-8 4.45e0
5.17e-2 2.58e1 3.71e0 2.14e-1 4.76e0

Table 5.4: Results for the GQR Method.

κA(B) = 9.43e0, κB(A) = 5.76e3, ‖AB+
A‖2 = 1.24e1.

err lse err ψu res ‖x‖2

7.39e-6 3.45e-4 3.44e-4 1.62e-8 1.29e3
2.51e-2 3.02e0 1.42e0 3.96e-1 4.42e0

significantly by changes to the derivation of the bound. Because of the extra
expense of computing or estimating Ψ , there is no reason to prefer Ψu to lse err
as a practical error bound.

The quantity lse err can be recommended as an approximate forward error
bound for the null space method for solving the LSE problem and, in particular,
for use with the driver routine xgglse.f in LAPACK. This bound has been im-
plemented for LAPACK by Bai and Fahey [3], who also develop and implement a
practical error bound for LAPACK’s generalized QR factorization-based method
for solving the generalized linear model problem min{yT y : d = Ax + By}.
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