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1 Introduction.

The indefinite least squares problem has the form

ILS : min
x

(b −Ax)TJ(b− Ax),(1.1)

where A ∈ R
(p+q)×n, b ∈ R

p+q and the signature matrix

J =
[
−Iq 0

0 Ip

]
.(1.2)

This problem was introduced by Chandrasekaran, Gu, and Sayed [2] and further
studied by Bojanczyk, Higham, and Patel [1]. We are concerned here with the
extension of the ILS problem to include equality constraints:

ILSE : min
x

(b−Ax)TJ(b −Ax) subject to Bx = d,(1.3)

where B ∈ R
s×n and d ∈ R

s. A major difference between indefinite and standard
least squares problems is that indefinite problems do not always have a solution.

We will assume that

rank(B) = s, xT (ATJA)x > 0 for all nonzero x ∈ null(B).(1.4)

The first condition ensures that there is a solution to the constraint equations.
The second condition, which says that ATJA is positive definite on the null
space of B, then ensures that there is a unique solution to the ILSE problem.
The uniqueness can be shown by manipulating the normal equations

ATJ(b−Ax) = BTµ, Bx = d,(1.5)

where µ is a vector of Lagrange multipliers, and it is also established by our
analysis in terms of the generalized hyperbolic QR factorization (see Section 4).

We note for later use that ATJA has rank at most p, and so since null(B) has
dimension n− s, the second condition in (1.4) implies that

p ≥ n− s.(1.6)

An important role in the theory and numerical solution of indefinite least
squares problems is played by J-orthogonal transformations. The matrix H ∈
R
(p+q)×(p+q) is J-orthogonal if

HTJH = J.(1.7)

Central to this work is a new factorization that we call the generalized hyperbolic
QR (GHQR) factorization. The following result defines the factorization and
establishes its existence.

Theorem 1.1 (generalized hyperbolic QR factorization). Let A ∈
R
(p+q)×n and B ∈ R

s×n, let J be given by (1.2), and assume that (1.4) holds.
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Then there exist an orthogonal Q ∈ R
n×n and a J-orthogonal H ∈ R

(p+q)×(p+q)

such that

HAQ =
( s n−s

p+q−(n−s) L11 0
n−s L21 L22

)
, BQ =

( s n−s

s K 0
)
,(1.8)

where L22 and K are lower triangular and nonsingular.
Proof. Let Em denote the m × m exchange matrix, that is, the identity

matrix Im with its columns in reverse order: Em = Im(:,m:−1 : 1). Let

QT
BB

T =
[
KT

0

]
be a QR factorization of BT . The lower triangular matrix K is nonsingular since
B has full rank. Write

Ep+qAQB =
( s n−s

Ã1 Ã2

)
and set

JE =
[
Ip 0
0 −Iq

]
.

Note that Ep+q = ET
p+q and Ep+qJEEp+q = J . Now, from the second assump-

tion in (1.4) it follows that ÃT
2 JEÃ2 is positive definite. Hence, there exists a

hyperbolic QR factorization of Ã2 [1]

WÃ2 =
[
R
0

]
,

where R is a nonsingular upper triangular matrix and W is JE-orthogonal.
Moreover we have

Ep+qWÃ2En−s =
[

0
L

]
,

where L = En−sREn−s is lower triangular. Define

Q = QB

[
Is 0
0 En−s

]
, H = Ep+qWEp+q, L22 = L.

Then (1.8) holds. ✷
As we will show below, the GHQR factorization plays a similar role for the

ILSE problem as the generalized QR factorization plays for the standard least
squares problem with equality constraints.

The outline of this paper is as follows. In Section 2 we give perturbation
theory for the ILSE problem, obtaining a bound that is cheaply estimable but
possibly non-sharp, and another bound based on Kronecker products that is
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sharp but more expensive to compute or estimate. In Section 3 we show how the
ILSE problem can be solved using a generalized QR factorization and Cholesky
factorization, in what is an extension of the method of Chandrasekaran, Gu,
and Sayed [2] for the ILS problem. We prove that this method is mixed forward–
backward stable. A method based on the GHQR factorization is presented in
Section 4 and the method is proved to be forward stable under a reasonable
assumption. Numerical experiments are described in Section 5 that corroborate
the error analysis.

2 Perturbation theory.

We begin by examining the sensitivity of the ILSE problem to perturbations
in the data. We will consider perturbations ∆A, ∆b, ∆B and ∆d to the data A,
b, B and d measured normwise by the smallest ε for which

‖∆A‖F ≤ ε‖A‖F , ‖∆b‖2 ≤ ε‖b‖2,(2.1a)
‖∆B‖F ≤ ε‖B‖F , ‖∆d‖2 ≤ ε‖d‖2.(2.1b)

We assume that the conditions (1.4) continue to hold for the perturbed problem.
The solution to the ILSE problem (1.3) satisfies the augmented system 0 0 B

0 J A
BT AT 0

λs
x

 =

 db
0

 ,(2.2)

where s = J(b−Ax) = Jr, which is a rewritten version of the normal equations
(1.5) with λ = −µ. The augmented system for the perturbed problem is 0 0 B +∆B

0 J A+∆A
BT +∆BT AT +∆AT 0

λ+∆λ
s+∆s
x+∆x

 =

 d+∆d
b +∆b

0

 ,
which leads to the relationship for the perturbations 0 0 B

0 J A
BT AT 0

∆λ∆s
∆x

 =

 ∆d−∆Bx
∆b −∆Ax

−∆BTλ−∆AT s

 + O(ε2).(2.3)

It is possible to solve this system for ∆x and to continue working with ex-
pressions involving the original data. However, these expressions become rather
complicated and are not very amenable to interpretation or computation. We
therefore use the GHQR factorization to simplify the analysis.

Let A and B have the GHQR factorization

HAQ =
[
L11 0
L21 L22

]
, BQ = [K 0 ] ,

where H is J-orthogonal and Q is orthogonal.
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Premultiplying (2.3) by diag(I,H,QT ), we obtain 0 0 BQ
0 HJHT HAQ

QTBT QTATHT 0

 ∆λ
JHJ∆s
QT∆x

 =

 ∆d−∆Bx
H(∆b −∆Ax)

−QT (∆BTλ+∆AT s)

(2.4)

+ O(ε2).

Using the GHQR factorization the matrix on the left can be rewritten as

Z =


0 0 0 K 0

0 J̃ 0 L11 0
0 0 In−s L21 L22

KT LT
11 LT

21 0 0
0 0 LT

22 0 0

 ,

where J̃ = diag(−Iq, Ip−(n−s)). The inverse of Z is

Z−1 =


K−TLT

11J̃L11K
−1 −K−TLT

11J̃ 0 K−T −K−TLT
21L

−T
22

−J̃L11K−1 J̃ 0 0 0
0 0 0 0 L−T

22

K−1 0 0 0 0
−L−1

22 L21K
−1 0 L−1

22 0 −L−1
22 L

−T
22

 .
(2.5)
From (2.4) we therefore obtain

QT∆x =
[

I
−L−1

22 L21

]
K−1(∆d−∆Bx) +

[
0 0
0 L−1

22

]
H(∆b −∆Ax)

+
[

0 0
0 L−1

22 L
−T
22

]
QT (∆BTλ+∆AT s) + O(ε2).(2.6)

The third equation in (2.2) is BTλ = −AT s. Using the GHQR factorization this
equation can be written[

KT

0

]
λ = −

[
LT
11 LT

21

0 LT
22

]
JHJs,

and by examining both block components it can be seen that

λ = −K−T [LT
11 0 ] JHJs.

Hence the penultimate term in (2.6) is[
0 0
0 L−1

22 L
−T
22

]
QT

(
−∆BTK−T [LT

11 0 ] JHJ +∆AT
)
s.(2.7)
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Taking norms in (2.6) we therefore obtain the perturbation bound

‖∆x‖2
‖x‖2

≤ ε

[
‖B‖F

∥∥∥∥[
I

−L−1
22 L21

]
K−1

∥∥∥∥
2

(
‖d‖2

‖B‖F‖x‖2
+ 1

)
+ ‖L−1

22 H(h+ 1: p+ q, :)‖2‖A‖F

(
‖b‖2

‖A‖F ‖x‖2
+ 1

)
(2.8)

+ ‖L−1
22 ‖22‖A‖F

(
‖B‖F‖K−T [LT

11 0 ]JH‖2 + ‖A‖F

) ‖r‖2
‖A‖F‖x‖2

]
+ O(ε2),

where h = p+ q − (n− s). An interesting feature of this bound is that the first
p+ q− (n− s) rows of H contribute to the third term of the bound and the last
n − s rows contribute to the second term. This bound includes as special cases
bounds for standard LS problem, the equality constrained LS problem [3], [4],
and the unconstrained ILS problem [1].

An advantage of expressing (2.8) in terms of the generalized hyperbolic QR
factorization is that only triangular matrices are inverted in the formula and
hence the bound can be cheaply estimated using standard condition estimation
techniques [5, Chap. 15].

As for the results in [1] and [3], it is unclear how close (2.8) is to being
attainable for all sets of A, b, B and d. We obtain a sharp perturbation bound
by making use of the vec operator and the Kronecker product [7, Chap. 4], as
in the latter references. First, we rewrite (2.6), using (2.7), as

QT∆x = G1∆d−G1∆Bx+G2∆b−G2∆Ax+ (G3∆B
TG4−G3∆A

T )s+ O(ε2),

where the Gi notation is used to simplify the ensuing expressions. Applying the
vec operator, using the relation vec(AXB) = (BT ⊗ A)vec(X), and recalling
that s = Jr, we obtain

QT∆x = G1∆d− (xT ⊗G1)vec(∆B) +G2∆b − (xT ⊗G2)vec(∆A)
+ (rTJGT

4 ⊗G3)vec(∆BT ) − (rTJ ⊗G3)vec(∆AT ) + O(ε2).

Using the relations vec(∆AT ) = Π1vec(∆A) and vec(∆BT ) = Π2vec(∆B),
where Π1 and Π2 are vec-permutation matrices [7, Chap. 4], gives

QT∆x = G1∆d+G2∆b− [(xT ⊗G1) − (rTJGT
4 ⊗G3)Π2]vec(∆B)

− [(xT ⊗G2) + (rTJ ⊗G3)Π1]vec(∆A) + O(ε2),

which is expressed in terms of the four independent perturbations ∆d, ∆b, ∆A
and ∆B. Now we take 2-norms. Using (2.1) and the fact that ‖vec(∆A)‖2 =
‖∆A‖F , we deduce that

‖∆x‖2
‖x‖2

≤ ψε+ O(ε2),(2.9)
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where

ψ = ‖x‖−1
2

(
‖G1‖2‖d‖2 + ‖G2‖2‖b‖2 + ‖(xT ⊗G1) − (rTJGT

4 ⊗G3)Π2‖2‖B‖F

+ ‖(xT ⊗G2) + (rT J ⊗G3)Π1‖2‖A‖F

)
,

and this bound is attainable to within a factor 4. This bound will be used in the
experiments of Section 5 to test the sharpness of (2.8).

3 The GQR-Cholesky method.

Our first method for solving the ILSE problem does not involve any hyperbolic
transformations. It is an extension of the method of Chandrasekaran, Gu, and
Sayed [2] to handle equality constraints.

Consider a generalized QR factorization of A and B (see, e.g., [5, Thm. 20.9])

UTAQ =
( s n−s

p+q−(n−s) L11 0
n−s L21 L22

)
, BQ =

( s n−s

s K 0
)
,(3.1)

where U and Q are orthogonal and L22 and K are lower triangular and, in view
of (1.4), nonsingular. (Note that this factorization differs from (1.8) only in the
U factor, which is replaced by a J-orthogonal matrix in (1.8).) Let(

s y1
n−s y2

)
= y := QTx, C =

( s n−s

C1 C2

)
:= AQ.(3.2)

Then the constraint Bx = d is equivalent to Ky1 = d, which determines y1.
Thus

b−Ax = b−AQy
= b− [C1 C2 ] y
= (b − C1y1) − C2y2

=: f − C2y2,

and so minimizing (b − Ax)TJ(b − Ax) subject to Bx = d is equivalent to the
unconstrained ILS problem

min
y2

(f − C2y2)TJ(f − C2y2).(3.3)

It is easy to see that (1.4) implies that CT
2 JC2 is positive definite. Noting from

(3.2) and (3.1) that

C2 = U
[

0
L22

]
=:

[
U11 U12
U21 U22

] [
0
L22

]
=

[
U12
U22

]
L22,

the normal equations CT
2 JC2y2 = CT

2 Jf for (3.3) can be rewritten as

(UT
22U22 − UT

12U12)L22y2 =
[
U12
U22

]T

Jf.
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The matrix in parentheses is positive definite and so this system can be solved
via a Cholesky factorization. Effectively, we are solving (3.3) by the method of
[2]. The entire procedure is summarized as follows.

Algorithm 3.1 (GQR-Cholesky method). This algorithm solves the
ILSE problem (1.3) with the aid of a generalized QR factorization of A and B.

1. Compute the generalized QR factorization (3.1).
2. Solve the lower triangular system Ky1 = d.
3. f = b−AQ(: , 1: s)y1.
4. Form the symmetric matrix W = UT

22U22 − UT
12U12.

5. Compute the Cholesky factorization W = RTR.
6. Solve RTRL22y2 = [UT

12 UT
22 ] Jf by one back and two forward

substitutions.
7. x = Qy.

Note that the GQR-Cholesky method does not require Q to be formed ex-
plicitly, and only the last n− s columns of U need to be formed explicitly. The
operation count of the method is a complicated function of p, q, n and s, and
when p+ q 
 n 
 s it is approximately 7(p+ q)n2 flops, where a flop denotes
one of the four elementary operations.

3.1 Error analysis.

The GQR-Cholesky method has very satisfactory numerical stability prop-
erties. It is mixed forward–backward stable, in the sense that the computed
solution is very close to the solution of a slightly perturbed problem. The next
result makes this statement precise.

In our error analysis we will use the standard model of floating point arithmetic
[5, Sec. 2.2]. We denote by u the unit roundoff and by ci(u) a term of the form
g(p, q, n, s)u + O(u2), where g is a polynomial; thus we are not concerned with
the precise values of constants.

Theorem 3.1. Suppose the GQR-Cholesky method is implemented with the
generalized QR factorization computed using Householder transformations. The
computed solution x̂ = x + ∆x, where x solves a perturbed ILSE problem with
data A+∆A, B +∆B, b+∆b and d, where

‖∆A‖F ≤ c1(u)‖A‖F , ‖∆B‖F ≤ c2(u)‖B‖F ,

‖∆b‖2 ≤ c3(u)‖b‖2, ‖∆x‖2 ≤ c4(u)‖x‖2.
Proof. Standard error analysis of Householder transformations [5, Lem. 19.3,

Thm. 19.4] shows that the computed K̂ and Ĉ satisfy

(B +∆B1)Q̃ =
[
K̂ 0

]
, ‖∆B1‖F ≤ c1(u)‖B‖F ,

Ĉ = (A+∆A1)Q̃, ‖∆A1‖F ≤ c2(u)‖A‖F ,
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where Q̃ is orthogonal. The computed solution of the triangular system K̂y1 = d
satisfies [5, Thm. 8.5]

(K̂ +∆K)ŷ1 = d, ‖∆K‖F ≤ c3(u)‖K̂‖F .

The computed coefficient vector f̂ = fl(b − Ĉ1ŷ1) of the ILS problem (3.3)
satisfies

f̂ = b +∆b0 − (Ĉ1 +∆Ĉ0)ŷ1,

‖∆b0‖2 ≤ u‖b‖2, ‖∆Ĉ0‖F ≤ c4(u)‖Ĉ1‖F .

(For simplicity, we are assuming that C1 is explicitly formed and applied to y1;
the analysis remains valid if C1y1 = AQ(:, 1: s)y1 is computed without forming
C1 or Q(:, 1: s).) We can apply to (3.3) the error analysis of [2] to deduce that
the computed ŷ2 solves

min
y2

(f̂ +∆f − (Ĉ2 +∆Ĉ2)y2)TJ(f̂ +∆f − (Ĉ2 +∆Ĉ2)y2),

where

‖∆Ĉ2‖F ≤ c5(u)‖Ĉ2‖F , ‖∆f‖2 ≤ c6(u)‖f̂‖2.

In view of the latter inequality we can write, using [3, Lem. 3.3],

f̂ +∆f = b+∆b − (Ĉ1 +∆Ĉ1)ŷ1,

‖∆b‖2 ≤ c7(u)‖b‖2, ‖∆C1‖2 ≤ c7(u)‖Ĉ1‖F .

Putting all these results together, we conclude that x = Q̃ŷ is the true solution
to the perturbed problem with data A+∆A, B +∆B and b+∆b, where

∆A = ∆A1 +
[
∆Ĉ1 ∆Ĉ2

]
Q̃T , ∆B = ∆B1 + [∆K 0 ] Q̃T .

The bounds on ‖∆A‖F and ‖∆B‖F follow readily. Finally,

x̂ = fl(Qŷ) = Q̃ŷ +∆x, ‖∆x‖2 ≤ c8(u)‖ŷ‖2 = c8(u)‖x‖2,

using [5, Lem. 19.3] again. ✷

4 The GHQR method.

Another method for solving the ILSE problem can be derived using the gen-
eralized hyperbolic QR factorization introduced in Theorem 1.1. Using (1.8) the
constraint Bx = d can be written

Ky1 = [K 0 ]
[
y1
y2

]
= d, y = QTx.
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This triangular system uniquely determines y1. Then, with c = Hb,

(b −Ax)TJ(b−Ax) = (c−HAQy)TJ(c−HAQy)

=
[

c1 − L11y1
c2 − L21y1 − L22y2

]T

J

[
c1 − L11y1

c2 − L21y1 − L22y2

]
(4.1)

= ‖c2 − L21y1 − L22y2‖22 + (c1 − L11y1)T J̃(c1 − L11y1),

where J̃ = J(1: p+q−(n−s), 1: p+q−(n−s)) = diag(−Iq, Ip−(n−s)). Therefore
y2 is uniquely determined as the solution of the triangular system L22y2 =
c2 − L21y1. This use of the GHQR factorization forms the basis for our next
method.

Algorithm 4.1 (GHQR method). This algorithm solves the ILSE problem
(1.3) using a GHQR factorization of A and B.

1. Compute the Householder QR factorization of BT :
BQ = B [Q1 Q2 ] = [K 0 ].

2. Solve the lower triangular system Ky1 = d.
3. C2 = AQ2.
4. Compute the hyperbolic QL factorization HC2 = [ 0 LT

22 ]T ,
where L22 is lower triangular and H is J-orthogonal, using the
natural modification of the method of [1].

5. f = [ fT
1 fT

2 ]T = H(b−AQ1y1) (compute by applying H in
factored form).

6. Solve the lower triangular system L22y2 = f2.
7. x = Qy.

Again, the cost of the method is a complicated function of p, q, n and s. For
p + q 
 n 
 s it is approximately 4(p+ q)n2 flops, compared with 7(p+ q)n2

flops for the GQR-Cholesky method. It is clear that the GHQR method always
requires fewer flops than the GQR-Cholesky method, since the latter method
requires significant additional computation beyond a generalized (hyperbolic)
QR factorization while the former does not.

4.1 Error analysis.

We re-interpret the GHQR method in order to be able to make use of existing
error analysis in [1]. The method essentially recasts the ILSE problem as the
unconstrained ILS problem

min
y2

(g − C2y2)TJ(g − C2y2), C2 = AQ2, g = b −AQ1y1,(4.2)

where y1 is determined by the constraints, and then solves this problem by the
hyperbolic QR factorization method of [1].
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The analysis for steps 1–3 of Algorithm 4.1 is given in the proof of Theorem 3.1:
we recall that

(B +∆B1)Q̃ =
[
K̂ 0

]
, ‖∆B1‖F ≤ c1(u)‖B‖F ,

Ĉ2 = (A+∆A2)Q̃2, ‖∆A2‖F ≤ c2(u)‖A‖F ,

(K̂ +∆K)ŷ1 = d, ‖∆K‖F ≤ c3(u)‖K̂‖F ,

where Q̃ =
[
Q̃1 Q̃2

]
is orthogonal. In addition,

ĝ = b+∆b− (A+∆A1)Q̃1ŷ1, ‖∆A1‖F ≤ c4(u)‖A‖F , ‖∆b‖2 ≤ u‖b‖2.

The computed data ĝ and Ĉ2 is therefore exact for the perturbed ILSE problem
with data A+∆A, B +∆B and b+∆b with

∆A =
[
∆A1Q̃1 ∆A2Q̃2

]
Q̃T , ∆B = ∆B1 + [∆K 0 ] Q̃T .

Clearly, these are small normwise relative perturbations.
We now need to invoke the results of [1] for the unconstrained ILS problem,

which we summarize in the next theorem.

Theorem 4.1. Consider the ILS problem

min
x

(b −Ax)TJ(b− Ax),(4.3)

were A ∈ R
(p+q)×n, b ∈ R

p+q, and the perturbed ILS problem

min
x

(
b+∆b− (A+∆A)x)T J(b+∆b− (A+∆A)x

)
,

where

‖∆A‖F ≤ ε‖A‖F , ‖∆b‖2 ≤ ε‖b‖2.
We have

‖∆x‖2
‖x‖2

≤ ε

[
‖M−1AT ‖2‖A‖F

(
‖b‖2

‖A‖F ‖x‖2
+ 1

)

+ ‖M−1‖2‖A‖2F
‖r‖2

‖A‖F ‖x‖2

]
+ O(ε2),

where M = ATJA.

Theorem 4.2. Let the ILS problem (4.3) be solved using a hyperbolic QR
factorization of A by the method in [1] based on Householder transformations and
hyperbolic rotations applied in mixed (or factored) form. Under the assumption
that the perturbation bound of Theorem 4.1 is approximately attainable, this
method is forward stable (that is, the forward error is bounded in the same way
as for a backward stable method).
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The assumption in Theorem 4.2 is reasonable in that in extensive numerical
experiments reported in [1], for every A and b the perturbation bound was
approximately attained for some ∆A and ∆b.

Using these results from [1] we conclude that under the assumption in The-
orem 4.2, (4.2) is solved in a forward stable manner. It is not too hard to see
that a normwise relative perturbation of g and C2 in (4.2) corresponds to a
normwise relative perturbation of the same size of A, B and b in the original
ILSE problem. Therefore forward errors introduced by a forward stable method
applied to (4.2) are no larger than those that can be produced by small normwise
relative perturbations in the ILSE problem.

Combining these two parts of analysis leads to the next result.

Theorem 4.3. Under the assumption that the perturbation bound of Theo-
rem 4.1 is approximately attainable, the computed solution x̂ from the GHQR
method is forward stable; therefore the forward error ∆x = x̂ − x satisfies (2.8)
with ε = c(u).

5 Numerical experiments.

The aim of this section is to compare the predictions of the error analysis
with the errors observed in practice. We do not have any way to test the mixed
forward–backward stability of the GQR-Cholesky method, so we concentrate on
testing forward stability.

As well as the GQR-Cholesky method (Algorithm 3.1) and the GHQR method
(Algorithm 4.1), we also test the “augmented system method” that forms the
augmented system (2.2) and solves it by LU factorization with partial pivoting.
This method requires 2(s + p + q + n)3/3 flops, which is much more than the
other two methods, but its ease of coding makes it of possible interest for small
dimensions.

We generate test problems for which different terms of the perturbation bound
(2.8) dominate. This is achieved by choosing the matrices in the GHQR fac-
torization (1.8) and thereby defining A and B. Crucial here are the condi-
tioning of the triangular matrices L22 and K and the norm of H . The tri-
angular matrices are generated via the QR factorizations of random matri-
ces with pre-assigned singular value distributions (generated via MATLAB’s
gallery(’randsvd’,...)). Random J-orthogonal matricesH of specified norm
are generated using the method of Higham [6]. The orthogonal factorQ in (1.8) is
also generated randomly (via MATLAB’s gallery(’qmult’,...)). Given that
we know the GHQR factorization we are able to control the size of the residual
r = b−Ax by choosing c1 (and hence b) in (4.1) appropriately.

Our experiments are carried out in MATLAB, with unit roundoff u ≈ 1.1 ×
10−16. We show results for five different problems with p = 8, q = 6, n =
6 and s = 4 in Table 5.1. The first three columns show the relative errors
‖x− x̂‖2/‖x‖2 for the three methods of interest; for the true solution x we take a
solution computed at high precision using MATLAB’s Symbolic Math Toolbox.
The fourth column tabulates the first order part of the perturbation bound (2.8),
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Table 5.1: Errors for the three methods, and perturbation bounds, for five problems.

GQR- GHQR Aug. Bound (2.8) terms Kronecker

Cholesky system bound (2.9)

2.2e-8 1.9e-8 1.1e-8 8.0e-6 3.2e3, 9.6e6, 7.2e10 7.1e-7

9.5e-14 9.7e-14 3.1e-13 1.0e-12 1.9e3, 7.4e3, 1.4e-9 1.0e-12

2.3e-8 2.3e-8 2.5e-9 2.3e-7 2.1e9, 4.6e3, 3.2e2 2.3e-7

1.2e-3 1.4e-3 2.7e-4 2.2e-2 6.8e2, 1.9e14, 7.8e11 1.4e-2

2.3e-7 2.2e-7 3.6e-7 8.1e-6 2.4e5, 7.3e10, 2.9e5 5.3e-6

with ε = u, and the next three columns show the sizes of the three first order
terms in that bound (without the ε factor). The final column is the first order
part of the Kronecker-based perturbation bound (2.9), with ε = u, which we
know is sharp.

Two main features are notable in the results. First, all three methods behave
in a forward stable manner, since the errors are no larger than the bound (2.9).
Our results are therefore consistent with our error analysis of the GQR-Cholesky
and GHQR methods. Second, the bound (2.8) is of similar size to (2.9), being a
most a factor 10 bigger, showing that it is reasonably sharp in these tests.

Finally, we emphasize that computations with J-orthogonal matrices are deli-
cate, and must be carefully arranged in order to avoid instability. To illustrate, we
repeated the tests with step 5 of Algorithm 4.1 carried out by explicitly forming
H and then multiplying the result into b−A1y1 (recall that the algorithm requires
H to be applied in factored form). The results for the GHQR method were
quantitatively unchanged except for the fourth test problem: here ‖H‖2 ≈ 106

and the error was 2.4, so the algorithm performed unstably with this modified
implementation.
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