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1 INTRODUCTION
1.1 The Batched BLAS

The specifications for the Level 1, 2, and 3 BLAS have been very successful in providing a standard
for vector [38], matrix-vector [20, 21] and matrix-matrix [18, 19] operations, respectively. Ven-
dors and other developers have provided highly efficient versions of the BLAS, and by using the
standard interface have allowed software calling the BLAS to be portable. With the need to solve
larger and larger problems on today’s high-performance computers, the methods used in a num-
ber of applications, such as tensor contractions, finite element methods, and direct linear equation
solvers, require a large number of small vector or matrix operations to be performed in parallel.
So a typical example might be to perform

C; « a;A;B; +ﬂ,’C1’, i=1,2,...¢,

where ¢ is large, but A;, B;, and C; are small matrices. A routine to perform such a sequence of
operations is called a Batched Basic Linear Algebra Subprogram, or Batched BLAS, or BBLAS.

1.2 History and Motivation

The origins of the Basic Linear Algebra Subprograms (BLAS) standard can be traced back to
1973, when Hanson, Krogh, and Lawson wrote an article in the SIGNUM Newsletter (Vol. 8, no. 4,
p- 16) describing the advantages of adopting a set of basic routines for problems in linear algebra.
This led to the development of the original BLAS [38], which indeed turned out to be advantageous
and very successful. They were adopted as a standard and used in a wide range of numerical soft-
ware, including LINPACK [13], and are now known as the Level 1 BLAS. An extended set of BLAS,
the Level 2 BLAS, were proposed for matrix-vector operations [20, 21]. Unfortunately, while suc-
cessful for the vector-processing machines at the time, the Level 2 BLAS were not a good fit for
the cache-based and shared memory parallel machines that emerged in the 1980s. With such ma-
chines, it was preferable to express computations as matrix-matrix operations. Matrices were split
into small blocks so basic operations were performed on blocks that could fit into cache mem-
ory. This approach avoids excessive movement of data to and from memory and gives a surface-
to-volume effect for the ratio of data movement to floating-point operations. Hence, the Level 3
BLAS were proposed [18, 19] for matrix-matrix operations, and LAPACK [5] was developed to use
the new Level 3 BLAS where possible. For the emerging multicore architectures of the 2000s, the
PLASMA library [4, 15] introduced tiled algorithms and tiled data layouts. To handle parallelism,
algorithms were split into tasks and data dependencies among the tasks were generated and used
by runtime systems to properly schedule the tasks’ execution over the available cores without
violating any of the data dependencies. The scheduling overhead becomes a challenge in this ap-
proach, since a single Level 3 BLAS routine on large matrices would be split into many Level 3
BLAS computations on small matrices, all of which must be analyzed, scheduled, and launched,
without using information that these are actually independent data-parallel operations that share
similar data dependencies. To alleviate this scheduling overhead, the SLATE library (Software
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(a) Memory hierarchy of a heterogeneous supercomputing system called (b) Diagram of a modern supercomputer called Summit with multiple CPUs
Titan (installed in 2012 at Oak Ridge National Laboratory and decommis- and GPUs and the connection links’ speeds between the components.
sioned in 2019) from the point of view of a CUDA core of an NVIDIA K40c

GPU with 2,880 CUDA cores.

Fig. 1. Changes in memory hierarchy and node complexity across supercomputing hardware generations.

for Linear Algebra Targeting Exascale) [22] aggregates independent tile operations together
and schedules them as a single task using a batched BLAS call on GPU accelerators.

In the 2010s, the apparently relentless trend in high performance computing (HPC) toward
large-scale, heterogeneous systems with GPU accelerators and coprocessors made the near total
absence of linear algebra software optimized for small matrix operations especially noticeable. The
typical method of utilizing such hybrid systems is to increase the scale and resolution of the model
used by an application, which in turn increases both matrix size and computational intensity; this
tends to be a good match for the steady growth in performance and memory capacity of this type
of hardware (see Figure 1 for an example of the memory hierarchy of this type of hardware).

The interface for the various implementations of the BBLAS differ, so software calling the BBLAS
is not portable. Given the fundamental importance of numerical libraries to science and engineer-
ing applications of all types [35], the need for libraries that can perform batch operations on small
matrices has clearly become acute. Therefore, to fill this critical gap, we propose standard inter-
faces for Batched BLAS operations.

The interfaces are intentionally designed to be close to the BLAS standard and to be hardware
independent. They are given in C, rather than Fortran, but can nevertheless still be readily called
from other languages and packages. The goal is to provide the developers of applications, compil-
ers, and runtime systems with the option of expressing many small BLAS operations as a single
call to a routine from the new batch operation standard, and thus to allow the entire linear al-
gebra (LA) community to collectively attack a wide range of small matrix problems. We plan to
also provide a Fortran interface in addition to the ISO C Binding introduced in Fortran 2003 that
allows one to call C functions directly.

During the past standardization meetings [29, 30], a consensus emerged to amend the previous
draft of the Batched BLAS standard [14] to include in the proposed interface the situation where
the sizes of matrices in the batch vary by group. This is what we refer to as grouped batch interface
and describe it in Section 2.2. When adding batched mode of operation, new functionality and
data types were also considered during the standardization process. These included extending
matrix layout definition to simultaneous non-unitary strides for both rows and columns, additional
arguments to some routines such as D « C + A X B, or adding support BFloat16 data type that
dramatically limits the size of significand compared to FP32 but keep its exponent range. However,
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to keep the process focused and on track, it was decided to keep these out of the current standard
definition and consider their inclusion in the future releases, as these new features gain significant
foothold in practical uses of the standard.

1.3 Community Involvement

A large number of people have contributed ideas to the Batched BLAS project. Many of the contri-
butions in the form of papers and talks can be found at http://icl.utk.edu/bblas/. Two workshops
were held in May 2016 and February 2017 [29, 30], Birds of a Feather sessions were held at SC17
in Denver, Colorado, at ISC 2018 in Frankfurt am Main, Germany, and SC18 in Dallas, Texas; and
Batched BLAS talks have been given in a number of conferences, including WSSSPE4 in Manch-
ester, SIAM CSE 17 in Atlanta, Georgia, SIAM PP18 in Tokyo, and SIAM CSE19 in Spokane, Wash-
ington. A previous proposal was presented in Reference [14]; see also References [16] and [17].
An early version of this current proposal was produced under NLAFET project as deliverable D7.6,
see http://www.nlafet.eu/public-deliverables/.

2 NAMING CONVENTIONS
2.1 Data Type and Functionality Conventions

The name of a Batched BLAS routine follows, and extends as needed, the conventions of the
corresponding BLAS routine. In particular, the name has a BLAS_ prefix, then 4 or 5 characters
specifying the BLAS routine as described below, followed by the suffix _batched, and finally the
data type suffix.

o After the BLAS_ prefix, the next two characters in the name refer to the kind of matrix
involved, as follows:
—ge represents: All matrices are general rectangular
—he represents: One of the matrices is Hermitian
—sy represents: One of the matrices is symmetric
—tr represents: One of the matrices is triangular

e The next two or three characters in the name denote the operation. For example, for the
Level 3 Batched BLAS, the operations are given as follows:
—mm represents: Matrix-matrix product
—rk represents: Rank-k update of a symmetric or Hermitian matrix
—r2k represents: Rank-2k update of a symmetric or Hermitian matrix
—sm represents: Solve a system of linear equations for a matrix of right-hand sides

e At the end, the data type suffix indicates the data type for the matrix arguments. This part
has variable width and specifies the domain—either r for real or ¢ for complex—and the bit
width of binary representation. For example, r64 corresponds to real 64-bit (double) and c32
is for complex arguments with both real and imaginary parts represented by 32-bit floating
point values (complex-single). This notation is consistent with the BLAS G2 proposal [10].
Table 1 shows the suffixes and their corresponding data types in C, Fortran, and C++. The
BLAS G2 proposal has a more extensive set of data types and provisions for mixed-precision
and reproducible routines.

2.2 Groups of Same-size Batched BLAS Routines

The grouped batch interface introduces the concept of groups of same-sized matrices. The follow-
ing formula calculates the argument formerly called batch_count (the total number of matrices
in a single call) from the number and size of individual groups of matrices:
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Table 1. Floating Point Data Types in Three Programming Languages and Their
Corresponding Suffixes in Batched BLAS Interface

Language — C Fortran C++
suffix |

rl6 _Float16 real(kind=2) short float
r32 float real(kind=4) float
164 double real(kind=38) double
r80 _Float80 real(kind=10) —

r128 _Float128 real(kind=16) —
cl6 _Complex _Float16 complex(kind=2)  complex<short float>
c32 _Complex float complex(kind=4)  complex<float>
c64 _Complex double complex(kind=8)  complex<double>
c80 _Complex _Float80  complex(kind=10) —

c128 _Complex _Float128 complex(kind=16) —

Note 1 short float is a proposed extension to the C18 and C++17 language standards.
Note 2 long double does not map to a specific bit-width in a portable way and may be implemented as 80-bit
or 128-bit floating point value according to the C standard document.

group_count-1
batch_count = Z group_sizes[g]. (1)
g=0

2.2.1 Batch Style Specification. The batch_opts argument from the previous proposal [14] was
an enumerated value that specified the style for the batch computation. Permitted values were
either BLAS_BATCH_FIXED or BLAS_BATCH_VARIABLE, which stood for computation of matrices
with the same or varying sizes (including operation options, sizes, matrix leading dimensions, and
scalars), respectively. This was superseded by the group interface that is more general and applies
to more usage scenarios.

Note that through the group interface one can specify constant size or variable size Batched
BLAS operations. If a constant size batch is requested, then the arguments point to the corre-
sponding constant value. The goal of this interface is to remove the need for users to prepare and
pass arrays whenever they have the same elements. Through an internal dispatch and based on
the group sizes, an expert routine specific to the value/style can be called while keeping the top
interface the same.

2.3 Argument Conventions

We follow a convention for the list of arguments that is similar to that for BLAS, with the necessary
adaptations concerning the batch operations. The order of arguments is as follows:

(1) Argument specifying row- or column-major layout

(2) Arrays of arguments specifying options

(3) Arrays of arguments defining the sizes of the matrices

(4) Arrays of input scalars (associated with input and/or output matrices)
(5) Arrays of descriptions of the input and/or output matrices

(6) Integer specifying the number of groups in the batch

(7) Integer array specifying size of each group in the batch

(8) Array of info parameters

Note that not every category is present in each of the routines.
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2.3.1 Argument Specifying Matrix Layout. Matrix layout is only used when matrix arguments
are present. A single value defines the layout for all matrices in all groups.

e layout has two possible values that are used by the routines as follows:
—BlasColMajor: designates column-major layout of matrix elements;
—BlasRowMajor: designates row-major layout of matrix elements.

2.3.2  Arguments Specifying Options. The arguments that specify options are of enumeration
type with names such as side, transA, transB, trans, uplo, and diag. These arguments, along with
the values that they can take, are described below:

e side has two possible values that are used by the routines as follows:

—BlasLef't: Specifies to multiply a general matrix by a symmetric, Hermitian, or triangular
matrix on the left;
—BlasRight: Specifies to multiply general matrix by a symmetric, Hermitian, or triangular
matrix on the right.

e transA, transB, and trans can have three possible values each, which is used to specify the
following:
—BlasNoTrans: Operate with the matrix as it is;
—BlasTrans: Operate with the transpose of the matrix;
—BlasConjTrans: Operate with the conjugate transpose of the matrix.
Note that in the real case, i.e., when routines take only real-valued arguments, the enu-
meration values BlasTrans and BlasConjTrans have the same effect, i.e., a transposition
without conjugation is assumed.

e uplois used by the Hermitian, symmetric, and triangular matrix routines to specify whether
the upper or lower triangle is being referenced, as follows:
—BlasLower: Lower triangle;
—BlasUpper: Upper triangle.

e diag is used by the triangular matrix routines to specify whether the matrix is unit trian-
gular, as follows:
—BlasUnit: Unit triangular;
—BlasNonUnit: Nonunit triangular.
When diag is supplied as BlasUnit, the diagonal elements are not referenced.

2.3.3  Arguments Defining the Sizes. The sizes of matrices A;, B;, and C; for the ith BLAS oper-
ation that are in the gth group are determined by the corresponding values of the arrays m, n, and
k at position g (see the routine interfaces in Section 4). It is permissible to call the routines with
m = 0 or n = 0, in which case the routines do not reference their corresponding matrix arguments
and do not perform any computation on the corresponding matrices A;, B;, and C;. If m > 0 and
n > 0,but k = 0, then the Level 3 BLAS operation reduces to C = C (this applies to the gemm, syrk,
herk, syr2k, and her2k routines). The input-output matrix (B for the tr routines, C otherwise) is
always m X n when it is rectangular, and n X n when it is a square matrix. If there is only a single
group of matrices of the same sizes, then the m, n, and k values for all matrices are specified by
the m[@], n[@], and k[0@] values, respectively.

2.3.4 Arguments Describing the Input-output Matrices. The description of the matrix consists of
the array name (A, B, or C) followed by an array of the leading dimension as declared in the calling
function (A_1d, B_1d, or C_1d). The ith values of the A, B, and C are pointers to the arrays of data
Aj;, B;, and C;, respectively. For matrices in the gth group, the values of A_1d[g], B_1d[g], and
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C_1d[g] correspond to the leading dimensions of the matrices A;, B;, and C;, respectively. If there
is only a single group of matrices, then the leading dimensions are specified by A_1d[0],B_1d[@],
and C_1d[@] for all {A;}, {B;}, and {C;} matrices, respectively.

2.3.5 Arguments Defining the Input Scalar. Arrays of scalars are named alpha and beta, where
values at position g correspond to the « and f scalars for the BLAS operations in group g, involving
matrices A;, B;, and C;. If there is only a single group of matrices, then the scalars are given by
alphal[@] and beta[@].

2.4 Error Handling Defined by the INFO Array

For the Batched BLAS the argument info is an input/output argument.
On input, the value of info[@] should have one of the following values:

e BblasErrorsReportAll, which indicates that all errors will be specified on output. The
length of the info array should be greater than or equal to the (3} group_sizes[g])+1.
One extra element is the first element that pertains to all groups and matrices and indicates
if the routine finished successfully (info[@] is set to 0) or an error occurred (info[@] is set
to non-zero value). Thus, there is no need to check all elements of info to find out if there
were any issues.

e BblasErrorsReportGroup, which indicates that only a single error will be reported for
each group, independently. The length of the info array should be greater than or equal to
the group_count+1.

e BblasErrorsReportAny, which indicates that the occurrence of errors will be specified on
output as a single integer value. The length of the info array should be at least one.

e BblasErrorsReportNone, which indicates that no errors will be reported on output. The
length of the info array should be at least one.

The following values of arguments are invalid:

e Any value of the enumeration arguments side, transA, transB, trans, uplo, or diag
whose meaning is not specified;
e Ifany ofm, n, k, A_ld, B_1d, or C_1d is less than zero.

If no errors are detected, or if info[@] is BblasErrorsReportNone on input, then info[0] will
be returned as zero. In the former case, the information returned to user clearly indicates the lack
of errors during the call. In the latter case, there is no clear differentiation between success or error
during execution and there is no indication what the error was—this behavior might be desired in
some situations, often for performance reasons.

When info[@] is set to BblasErrorsReportNone on input, then no effort is made to report
invalid input. Otherwise, if a routine is called with an invalid value for arguments group_count
or group_sizes, then the routine will return an error in info[@]. The errors related to the other
arguments are signaled with info[@] set to the number of the group in which the invalid argu-
ment was encountered. The returned group numbers are counted from 1, because the value of 0 is
reserved as an indicator of lack of errors. In other words, if a Batched BLAS routine is called with
an invalid value for any of its arguments (other than group_count and group_sizes) for matrix
i in group g, then the routine will return an error in position info[1+p+i] where p is the total
number of matrices in groups 0 through g — 1:
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g-1

p= Z group_sizes[{].
£=0

The errors could be related to arguments or to the numerical issues with matrix or vector data.
The former is indicated by setting info[1+p+i] to —a where a is the number of the first invalid
argument (counting from one with number 1: —1 for invalid first argument, —2—for the second,
and so on). The positive value indicates numerical issues, for example the column number with
zero pivot in LU factorization or number of diagonal entry that was negative during Cholesky
factorization. Upon successful completion, the routine will store 0 in the appropriate location of
the info array.

It should be noted that this is a departure from the BLAS themselves. The Level 1 BLAS had no
error reporting, but the Level 2 and 3 BLAS use a routine XERBLA for error handling, which by
default issues an error message and halts execution. To override the default behavior, it is necessary
to implement a custom version of XERBLA. LAPACK introduced the argument info, but only as
an output argument, and also uses XERBLA for error handling. With the extra complexity of the
Batched BLAS and to be more in line with current coding practices, it was felt that the proposed
error mechanism gives the required flexibility.

3 NUMERICAL STABILITY

Although it is intended that the Batched BLAS be implemented as efficiently as possible, as with
the original BLAS, this should not be achieved at the cost of sacrificing numerical stability. See
Section 7 of the original Level 3 BLAS specification [18] and Section 4.13 of the LAPACK User’s
Guide [5] for the definition of the numerical stability and expected bounds on the round-off errors
in the computed results. It is worth noting that the standard numerical error analysis takes the size
of the input matrix into consideration and those tend to be smaller for Batched BLAS. However, a
counter-intuitive result holds that the error bounds are more precise for smaller matrices due to,
partially, random cancellation of errors: With high probability, the error constant is proportional
to u/nlog n instead of the classic result of nu [31] (where n is the matrix size and u is the machine
precision).

4 SPECIFICATION OF BATCHED BLAS ROUTINES
4.1 Scope and Specifications of the Level 3 Batched BLAS

The Level 3 Batched BLAS routines described here have been derived in a fairly obvious manner
from the interfaces of their corresponding Level 3 BLAS routines. The advantage in keeping the
design of the software as consistent as possible with that of the BLAS is that it will be easier for
users to replace their BLAS calls by calling the Batched BLAS when needed, and to remember the
calling sequences and the parameter conventions. The operations proposed for the Level 3 Batched
BLAS have an interface described as follows.

4.1.1  General Matrix-matrix Products GEMM. Depending on the values of transA and transB,
this routine performs a batch of one of the matrix-matrix operations described below, for which C
is always an m X n matrix:

C—a-AXB+p-C, AismXxk,BiskxXn
C<—a-AT><B+/3-C, AiskxXm,BiskxXn
C—a -AxB+p-C, Aiskxm,Biskxn
Ce—a-AxBT +B.-C, Aismxk,Bisnxk
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° C<—a-A><BH+,B~C, Aismxk,Bisn Xk
° C<—a-AT><BT+ﬁ~C, AiskxXm,Bisn Xk
e C—a-AUxBH +B.C, Aiskxm, Bisnxk.

C language declarations of GEMM functions in multiple precisions and argument domains are
shown in Listing 1.

int BLAS_gemm_batched_r16(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op = B_trans, int = m, int  n, int « k, _Float16 « alpha, _Float16 == A, int  A_ld, _Float16 =« B,
int « B_Id, _Float16  beta, _Float16 s C, int « C_Id, int group_count, int » group_sizes, int « info);

int BLAS_gemm_batched_c16(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op « B_trans, int = m, int = n, int = k, _Complex _Float16 = alpha, _Complex _Float16 =« A, int «
A_ld, _Complex _Float16 == B, int « B_Id, _Complex _Float16 « beta, _Complex _Float16 « C, int « C_Id, int group_count, int « group_sizes, int = info);

int BLAS_gemm_batched_r32(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op = B_trans, int « m, int = n, int « k, float « alpha, float == A, int x A_ld, float « B, int = B_Id,
float « beta, float »+ C, int « C_Id, int group_count, int » group_sizes, int « info);

int BLAS_gemm_batched_c32(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op = B_trans, int = m, int = n, int = k, _Complex float « alpha, _Complex float «« A, int = A_Id,
_Complex float =« B, int » B_Id, _Complex float « beta, _Complex float =+ C, int » C_Id, int group_count, int = group_sizes, int = info);

int BLAS_gemm_batched_r64(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op = B_trans, int = m, int = n, int « k, double « alpha, double « A, int  A_Id, double =« B, int =
B_Id, double « beta, double =+ C, int » C_lId, int group_count, int » group_sizes, int « info);

int BLAS_gemm_batched_c64(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op « B_trans, int = m, int = n, int = k, _Complex double « alpha, _Complex double « A, int =
A_ld, _Complex double =« B, int = B_Id, _Complex double = beta, _Complex double = C, int « C_Id, int group_count, int = group_sizes, int = info);

int BLAS_gemm_batched_r128(BLAS_Layout layout, BLAS_Op » A_trans, BLAS_Op = B_trans, int » m, int « n, int « k, _Float128 = alpha, _Float128 « A, int » A_Id, _Float128 «
B, int « B_Id, _Float128 « beta, _Float128 « C, int » C_ld, int group_count, int « group_sizes, int = info);

int BLAS_gemm_batched_c128(BLAS_Layout layout, BLAS_Op = A_trans, BLAS_Op « B_trans, int = m, int « n, int « k, _Complex _Float128 « alpha, _Complex _Float128 = A,
int « A_ld, _Complex _Float128 =« B, int « B_Id, _Complex _Float128 = beta, _Complex _Float128 « C, int = C_Id, int group_count, int  group_sizes, int = info);

Listing 1. GEMM (general matrix-matrix multiply) interface in multiple precisions.

The transA and transB arrays are of size group_count. Each value defines the operation on
matrices in the corresponding group. The m, n, and k arrays of integers are of size group_count,
where each value defines the dimension of the operation on matrices in each corresponding group.
The alpha and beta arrays of size group_count provide the scalars « and S, described in the
equation above. They are of the same precision as the arrays A, B, and C. The arrays of pointers
A, B, and C are of size batch_count and point to the matrices {4;}, {B;}, and {C;}. For matrices
in group g, the size of the matrix C; is m[g]*n[g]. The sizes of the matrices A; and B; depend
on transA[g] and transB[g]; their corresponding sizes are mentioned in the equation above.
The arrays A_ld, B_1d, and C_1d of size group_count define the leading dimension of each of
the matrices. For matrices in group g, {A;[A_1d[g]1[*1}, {B;[B_1d[g]1[*1}, {C;[C_1d[g]1[*1},
respectively.!

If there is only one group of matrices (group_count == 1), then only transA[@], transB[@],
m[@], n[@], k[@], alphal@], A_1d[@], B_1d[@], betal[@], and C_1d[@] are used to specify the
gemm parameters for the batch.

The info array defines the behavior of the error handler, as described in Section 2.4.

4.1.2  Hermitian and Symmetric Matrix-matrix Products: HEMM and SYMM. These routines per-
form a batch of matrix-matrix products, each expressed in one of the following forms, for which
B and C are m X n matrices:

o C—a-AXB+ f-Cfor side==BlasLeft, AlsmXm
e C—a-BxA+pf-Cforside==BlasRight, AisnXn

where A is either real symmetric (for BLAS_symm_batched_r* and BLAS_hemm_batched_rx),
complex symmetric (for BLAS_symm_batched_cx), or complex Hermitian (for BLAS_hemm_
batched_c*), and « and f§ are real or complex scalars according to the data type suffix.

IThe layout argument specifies whether leading dimension is across rows or columns.
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C language declarations of SYMM functions in multiple precisions and argument domains are
shown in Listing 2.

int BLAS_symm_batched_r16(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, _Float16 « alpha, _Float16 = A, int « A_ld, _Float16 = B, int » B_ld,
_Float16 = beta, _Float16 «« C, int « C_Id, int group_count, int » group_sizes, int  info);

int BLAS_symm_batched_c16(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo » uplo, int « m, int « n, _Complex _Float16 = alpha, _Complex _Float16 « A, int « A_ld,
_Complex _Float16 == B, int « B_Id, _Complex _Float16 « beta, _Complex _Float16 « C, int » C_Id, int group_count, int « group_sizes, int = info);

int BLAS_symm_batched_r32(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, float « alpha, float «« A, int » A_Id, float « B, int « B_Id, float « beta,
float »+ C, int » C_ld, int group_count, int » group_sizes, int « info);

int BLAS_symm_batched_c32(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int + n, _Complex float » alpha, _Complex float «« A, int « A_ld, _Complex
float «« B, int » B_Id, _Complex float « beta, _Complex float =+ C, int » C_Id, int group_count, int = group_sizes, int « info);

int BLAS_symm_batched_r64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int + n, double » alpha, double ++ A, int + A_Id, double « B, int » B_ld, double
= beta, double « C, int » C_Id, int group_count, int « group_sizes, int = info);

int BLAS_symm_batched_c64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, _Complex double » alpha, _Complex double =« A, int « A_ld,
_Complex double =« B, int = B_Id, _Complex double = beta, _Complex double « C, int « C_Id, int group_count, int « group_sizes, int « info);

int BLAS_symm_batched_r128(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, int « m, int = n, _Float128 » alpha, _Float128 « A, int » A_Id, _Float128 «= B, int «
B_Id, _Float128 « beta, _Float128 +« C, int » C_ld, int group_count, int = group_sizes, int « info);

int BLAS_symm_batched_c128(BLAS_Layout layout, BLAS_Side  side, BLAS_UpLo * uplo, int « m, int « n, _Complex _Float128 « alpha, _Complex _Float128 «« A, int » A_Id,
_Complex _Float128 =« B, int » B_Id, _Complex _Float128 = beta, _Complex _Float128 =+ C, int » C_Id, int group_count, int = group_sizes, int = info);

Listing 2. SYMM: Symmetric matrix-matrix product.

C language declarations of HEMM functions in multiple precisions and argument domains are
shown in Listing 3.

int BLAS_hemm_batched_r16(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, _Float16 « alpha, _Float16 ++ A, int » A_Id, _Float16 «« B, int « B_Id,
_Float16 = beta, _Float16 « C, int = C_ld, int group_count, int « group_sizes, int = info);

int BLAS_hemm_batched_c16(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, int = m, int + n, _Complex _Float16 = alpha, _Complex _Float16 =« A, int « A_ld,
_Complex _Float16 == B, int « B_Id, _Complex _Float16 = beta, _Complex _Float16 « C, int » C_Id, int group_count, int « group_sizes, int = info);

int BLAS_hemm_batched_r32(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, float « alpha, float «+ A, int » A_ld, float « B, int » B_Id, float » beta,
float « C, int = C_ld, int group_count, int « group_sizes, int = info);

int BLAS_hemm_batched_c32(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, int » m, int = n, _Complex float = alpha, _Complex float =« A, int = A_Id, _Complex
float «« B, int » B_Id, _Complex float « beta, _Complex float =+ C, int » C_Id, int group_count, int = group_sizes, int = info);

int BLAS_hemm_batched_r64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, int « m, int « n, double « alpha, double =+ A, int « A_ld, double «« B, int » B_ld, double
« beta, double «+ C, int » C_ld, int group_count, int = group_sizes, int « info);

int BLAS_hemm_batched_c64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, int » m, int » n, _Complex double  alpha, _Complex double == A, int = A_Id,
_Complex double =« B, int = B_Id, _Complex double = beta, _Complex double « C, int « C_Id, int group_count, int = group_sizes, int = info);

int BLAS_hemm_batched_r128(BLAS_Layout layout, BLAS_Side  side, BLAS_UpLo = uplo, int « m, int » n, _Float128 « alpha, _Float128 «+ A, int » A_ld, _Float128 « B, int «
B_Id, _Float128 « beta, Float128 =« C, int « C_Id, int group_count, int = group_sizes, int « info);

int BLAS_hemm_batched_c128(BLAS_Layout layout, BLAS_Side  side, BLAS_UpLo = uplo, int « m, int « n, _Complex _Float128 « alpha, _Complex _Float128 « A, int = A_Id,
_Complex _Float128 =« B, int » B_Id, _Complex _Float128 = beta, _Complex _Float128 == C, int » C_Id, int group_count, int = group_sizes, int = info);

Listing 3. HEMM: Hermitian matrix-matrix product.

The side array is of size group_count and each value defines the operation on matrices in each
group as described in the equations above. The uplo array is of size group_count and defines
whether the upper or the lower triangular part of the matrix is to be referenced. The m and n
arrays of integers are of size group_count and define the dimension of the operation on each
matrix. The alpha and beta arrays of size group_count provide the scalars ; and f; described
in the equation above. They are of the same precision as the arrays A, B, and C. The arrays A, B,
and C are the arrays of pointers of size batch_count that point to the matrices {A;}, {B;}, and
{C;}. For matrices in group g, the size of matrix C; is m[g]*n[g]. The sizes of the matrices A; and
B; depend on side[g]; their corresponding sizes are mentioned in the equations above. The arrays
A_ld, B_1d, and C_1d of size group_count define the leading dimension of each of the matrices
{A;[A_1d[g]1[*]}, {B;[B_1d[g]1[*1}, {C;[C_1d[gl1[*]}, respectively.? The info array defines

the behavior of the error handler, as described in Section 2.4.

4.1.3 Rank-k Updates of a Symmetric/Hermitian Matrix HERK and SYRK. These routines per-
forms a batch of rank-k updates of real or complex symmetric (SYRK), or complex Hermitian
(HERK) matrices in one of the following forms, for which C is an n X n matrix:

2The layout argument specifies whether leading dimension is across rows or columns.
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C«— a-AxAT + B-Cfor trans==BlasNoTrans (syrk), ~Aisnxk
C«— a-AT X A+ B-C for trans==BlasTrans (syrk), Aiskxn
C«— a-Ax A" + B.C for trans==BlasNoTrans (herk), Aisnxk
C—a AP xA+ B - C for trans==BlasTrans (herk), AiskXxn

C language declarations of SYRK functions in multiple precisions and argument domains are
shown in Listing 4.

int BLAS_syrk_batched_r16(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int « k, _Float16 « alpha, _Float16 « A, int «+ A_ld, _Float16 = beta, _Float16 « C,
int « C_Id, int group_count, int » group_sizes, int « info);

int BLAS_syrk_batched_c16(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int » n, int » k, _Complex _Float16 = alpha, _Complex _Float16 == A, int « A_Id,
_Complex _Float16 = beta, _Complex _Float16 =+ C, int » C_Id, int group_count, int = group_sizes, int = info);

int BLAS_syrk_batched_r32(BLAS_Layout layout, BLAS_UpLo » uplo, BLAS_Op » trans, int « n, int « k, float « alpha, float «= A, int « A_ld, float « beta, float «= C, int « C_Id, int
group_count, int = group_sizes, int = info);

int BLAS_syrk_batched_c32(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int » k, _Complex float « alpha, _Complex float « A, int » A_Id, _Complex float
« beta, _Complex float « C, int = C_ld, int group_count, int « group_sizes, int = info);

int BLAS_syrk_batched_r64(BLAS_Layout layout, BLAS_UpLo » uplo, BLAS_Op » trans, int » n, int « k, double « alpha, double = A, int « A_ld, double « beta, double « C, int «
C_ld, int group_count, int = group_sizes, int = info);

int BLAS_syrk_batched_c64(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int » n, int » k, _Complex double « alpha, _Complex double «+ A, int » A_Ild, _Complex
double = beta, _Complex double = C, int « C_Id, int group_count, int « group_sizes, int = info);

int BLAS_syrk_batched_r128(BLAS_Layout layout, BLAS_UpLo » uplo, BLAS_Op « trans, int « n, int « k, _Float128 « alpha, _Float128 « A, int « A_ld, _Float128 « beta,
_Float128 «« C, int = C_Id, int group_count, int » group_sizes, int = info);

int BLAS_syrk_batched_c128(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int « k, _Complex _Float128  alpha, Complex _Float128 =+ A, int = A_ld,
_Complex _Float128 = beta, _Complex _Float128 « C, int « C_Id, int group_count, int « group_sizes, int = info);

Listing 4. SYRK: Symmetric rank-k matrix-matrix product.

The uplo array is of size group_count and defines whether the upper or the lower triangular
part of the matrix is to be referenced. The trans array is of size group_count, where each value
defines the operation on matrices in each group. In the complex case, trans == BlasConjTrans
is not allowed in syrk case. The n and k arrays of integers are of size batch_count and define the
dimensions of the matrices in each group. The alpha and beta arrays of size group_count provide
the scalars @ and f described in the equation above. They are of the same precision as the arrays
A; and C; . The arrays of pointers A and C are of size batch_count and point to the matrices {A;}
and {C;}. For matrices in group g, the size of matrix C; is m[g]*n[g]. All matrices {C;} are either
real or complex symmetric. The size of the matrix A; depends on trans[g]; its corresponding size
is mentioned in the equation above. The arrays A_ld and C_1d of size group_count define the
leading dimension of each of the matrices {A;[A_1d[g]1[*1}, {C;[C_1d[g]1[*]}, respectively.®
The info array defines the behavior of the error handler, as described in Section 2.4.

C language declarations of HERK functions in multiple precisions and argument domains are
shown in Listing 5.

int BLAS_herk_batched_c16(BLAS_Layout layout, BLAS_UpLo » uplo, BLAS_Op = trans, int « n, int » k, _Float16 = alpha, _Complex _Float16 « A, int « A_Id, _Float16 « beta,
_Complex _Float16 == C, int » C_Id, int group_count, int = group_sizes, int = info);

int BLAS_herk_batched_c32(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int « k, float « alpha, _Complex float =« A, int « A_ld, float « beta, _Complex
float «« C, int « C_Id, int group_count, int « group_sizes, int = info);

int BLAS_herk_batched_c64(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op = trans, int « n, int » k, double « alpha, _Complex double = A, int « A_ld, double » beta,
_Complex double « C, int » C_Id, int group_count, int = group_sizes, int « info);

int BLAS_herk_batched_c128(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op = trans, int « n, int = k, _Float128 « alpha, Complex _Float128 =+ A, int «+ A_ld, _Float128 «

beta, _Complex _Float128 «+ C, int = C_Id, int group_count, int = group_sizes, int « info);

Listing 5. HERK: Hermitian rank-k matrix-matrix product.

This routine is only available for the complex precisions. It has the same parameters as syrk
batch except that the trans == BlasTrans is not allowed in herk batch and that alpha and beta
are real. The matrices {C;} are complex Hermitian. The info array defines the behavior of the
error handler, as described in Section 2.4.

3The layout argument specifies whether leading dimension is across rows or columns.
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4.1.4  Rank-2k Updates of a Symmetric/Hermitian Matrix HER2K and SYR2K. This routine per-
forms batch rank-2k updates on real or complex symmetric (SYR2K), or complex Hermitian
(HER2K) matrices of the following forms, for which C is an m X n matrix:

e C—a-AxBT +a-Bx AT + B-Cfor trans == BlasNoTrans (syr2k), ~ A,Barenxk

e C—a-ATxB+a-BT xA+ p-Cfortrans == BlasTrans (syr2k), =~ A,Barek Xn

e C—a-AxB" +a-BxAH + f-Cfor trans == BlasNoTrans (her2k), A,Barenxk

e C—a-A"xB+a-BTxA+pf-Cfor trans == BlasConjTrans (her2k), A, B are
kxn

C language declarations of SYR2K functions in multiple precisions and argument domains are
shown in Listing 6.

int BLAS_syr2k_batched_r16(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int « k, _Float16 « alpha, _Float16 == A, int = A_ld, _Float16 = beta, _Float16 =«
C, int « C_Id, int group_count, int » group_sizes, int « info);

int BLAS_syr2k_batched_c16(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int = k, _Complex _Float16 = alpha, _Complex _Float16 « A, int « A_Id,
_Complex _Float16 = beta, _Complex _Float16 =+ C, int = C_Id, int group_count, int » group_sizes, int « info);

int BLAS_syr2k_batched_r32(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int = k, float = alpha, float « A, int = A_ld, float « beta, float « C, int « C_Id, int
group_count, int = group_sizes, int « info);

int BLAS_syr2k_batched_c32(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op = trans, int = n, int = k, _Complex float « alpha, _Complex float « A, int « A_Id, _Complex
float « beta, _Complex float =+ C, int » C_Id, int group_count, int = group_sizes, int « info);

int BLAS_syr2k_batched_r64(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int » k, double = alpha, double *+ A, int » A_ld, double « beta, double *+ C, int «
C_Id, int group_count, int  group_sizes, int « info);

int BLAS_syr2k_batched_c64(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int = k, _Complex double « alpha, _Complex double *« A, int = A_Id, _Complex
double = beta, _Complex double =« C, int = C_Id, int group_count, int « group_sizes, int = info);

int BLAS_syr2k_batched_r128(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int « k, _Float128 = alpha, _Float128 « A, int « A_Id, _Float128 « beta,
_Float128 ++ C, int » C_Id, int group_count, int « group_sizes, int « info);

int BLAS_syr2k_batched_c128(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op = trans, int « n, int « k, _Complex _Float128 « alpha, _Complex _Float128 == A, int « A_Id,
_Complex _Float128 = beta, _Complex _Float128 «+ C, int » C_Id, int group_count, int = group_sizes, int = info);

Listing 6. SYR2K: Symmetric rank-2k matrix-matrix product.

The uplo array is of size group_count and defines whether the upper or the lower triangular
part of the matrix is to be referenced. The trans array is of size group_count, where each value
defines the operation on matrices in each group. In the complex case, trans == BlasConjTrans
is not allowed in syr2k batch. The n and k arrays of integers are of size group_count and define
the dimensions of the matrices in each group. The alpha and beta arrays of size group_count
provide the scalars « and f described in the equations above. They are of the same precision as the
arrays A, B, and C. The arrays A, B, and C are the arrays of pointers of size batch_count that point
to the matrices {A;}, {B;}, and {C;}. For matrices in group g, the size of matrix C; is m[gl*n[g].
All matrices {C;} are either real or complex symmetric. The size of the matrices A; and B; depends
on trans[g]; its corresponding size is mentioned in the equation above. The arrays A_1d, B_1d,
and C_1d of size group_count define the leading dimension of the matrices {A; [A_1d[g]]1[*1},
{B;[B_1d[g]1[*1}, {C;[C_1d[g]1[ 1}, respectively.* The info array defines the behavior of the
error handler, as described in Section 2.4.

C language declarations of HER2K functions in multiple precisions and argument domains are
shown in Listing 7.

int BLAS_her2k_batched_c16(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int « n, int  k,_Complex _Float16 » alpha, _Complex _Float16 « A, int « A_ld,
_Complex _Float16 ++ B, _Complex _Float16 « B, int » B_Id, _Complex _Float16 = beta, _Complex _Float16 «« C, int « C_Id, int group_count, int = group_sizes, int = info
)

int BLAS_her2k_batched_c32(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int = k, _Complex float « alpha, _Complex float « A, int  A_Id, _Complex
float «« B, _Complex float =« B, int = B_ld, _Complex float » beta, _Complex float « C, int  C_Id, int group_count, int « group_sizes, int = info);

int BLAS_her2k_batched_c64(BLAS_Layout layout, BLAS_UpLo « uplo, BLAS_Op « trans, int = n, int » k, _Complex double = alpha, _Complex double ++ A, int » A_Id, _Complex
double =+ B, _Complex double «« B, int « B_Id, _Complex double « beta, _Complex double « C, int » C_ld, int group_count, int « group_sizes, int = info);

int BLAS_her2k_batched_c128(BLAS_Layout layout, BLAS_UpLo = uplo, BLAS_Op = trans, int « n, int = k, _Complex _Float128 « alpha, _Complex _Float128 « A, int « A_Id,
_Complex _Float128 =« B, _Complex _Float128 = B, int = B_Id, _Complex _Float128  beta, _Complex _Float128 « C, int « C_Id, int group_count, int = group_sizes, int «
info);

Listing 7. HER2K: Hermitian rank-2k matrix-matrix product.

4The layout argument specifies whether leading dimension is across rows or columns.
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This routine is only available for the complex precision. It has the same parameters as the syr2k
batch routine except that the trans == BlasTrans is not allowed in her2k batch. The matrices
{C;} are complex Hermitian. The info array defines the behavior of the error handler, as described
in Section 2.4.

4.1.5 Multiplying a Matrix by a Triangular Matrix TRMM. These routines perform a batch of one
of the following matrix-matrix products, where A is an m X m upper or lower triangular matrix, B
is an m X n matrix, and « is a scalar:

e B« a-AXBforside == BlasLeft and trans == BlasNoTrans

e B« a-AT xBfor side == BlasLeft and trans == BlasTrans

e B« a-AH x Bfor side == BlasLeft and trans == BlasConjTrans
e B« a-BxAforside == BlasRight and trans == BlasNoTrans

e B« a-BxAT for side == BlasRight and trans == BlasTrans

e B« a-BxAH for side == BlasRight and trans == BlasConjTrans

C language declarations of TRMM functions in multiple precisions and argument domains are
shown in Listing 8.

int BLAS_trmm_batched_r16(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, _Float16 « alpha, _Float16 «
A, int = A_Id, _Float16 « B, int = B_Id, int group_count, int = group_sizes, int = info);

int BLAS_trmm_batched_c16(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal « diag, int + m, int « n, _Complex _Float16 » alpha,
_Complex _Float16 == A, int « A_ld, _Complex _Float16 = B, int « B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trmm_batched_r32(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, float = alpha, float =« A, int =
A_ld, float =« B, int = B_Id, int group_count, int = group_sizes, int = info);

int BLAS_trmm_batched_c32(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal « diag, int » m, int « n, _Complex float « alpha,
_Complex float «« A, int » A_ld, _Complex float « B, int = B_ld, int group_count, int « group_sizes, int « info);

int BLAS_trmm_batched_r64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, double « alpha, double = A,
int « A_ld, double =« B, int » B_Id, int group_count, int = group_sizes, int = info);

int BLAS_trmm_batched_c64(BLAS_Layout layout, BLAS_Side » side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int » m, int « n, _Complex double + alpha,
_Complex double #+ A, int « A_ld, _Complex double «+ B, int = B_Id, int group_count, int = group_sizes, int « info);

int BLAS_trmm_batched_r128(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, BLAS_Op = trans, BLAS_Diagonal « diag, int » m, int » n, _Float128 = alpha,
_Float128 «« A, int = A_Id, _Float128 =« B, int « B_Id, int group_count, int = group_sizes, int « info);

int BLAS_trmm_batched_c128(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal = diag, int  m, int « n, _Complex _Float128 «
alpha, _Complex _Float128 «+ A, int » A_Id, _Complex _Float128 « B, int « B_Id, int group_count, int « group_sizes, int  info);

Listing 8. TRMM: Triangular matrix-matrix product.

The side array is of size group_count and each value defines the operation on each matrix as
described in the equations above. The uplo array is of size group_count and defines whether the
upper or the lower triangular part of the matrices {A;} are to be referenced. The trans is an array
of size group_count, where each value defines the operation on each matrix. The diag array is of
size group_count, where each value defines whether the corresponding matrix A is assumed to
be unit or non-unit triangular. The m and n arrays of integers are of size group_count and define
the dimension of the operation on each matrix. The alpha array of size group_count provides
the scalars a described in the equation above. It is of the same precision as the arrays A and B.
The arrays of pointers A and B are of size batch_count and point to the matrices {A;} and {B;}.
For matrices in group g, the size of matrix B; is m[gl*n[g]. The size of matrix A; depends on
side[g]; its corresponding size is mentioned in the equation above. The arrays A_ld and B_1d of
size group_count define the leading dimension of the {A; [A_1d[g]1[*]}, and {B;[B_1d[g]1[*1}
matrices, respectively.’ The info array defines the behavior of the error handler, as described in
Section 2.4.

>The layout argument specifies whether leading dimension is across rows or columns.
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4.1.6  Solving Triangular Systems of Equations with Multiple Right-hand Sides TRSM. This rou-
tine solves a batch of one of the following matrix equations, where the matrix A is an m X m upper
or lower triangular matrix, B is an m X n matrix, and « is scalar:

e B« a-A!xBforside == BlasLeft and trans == BlasNoTrans

e B— a- AT xBforside == BlasLeft and trans == BlasTrans

e B— a-AH xBforside == BlasLeft and trans == BlasConjTrans
e B« a-BxA!forside == BlasRight and trans == BlasNoTrans

e B— a -BxAT for side == BlasRight and trans == BlasTrans

e B— a -BxAH forside == BlasRight and trans == BlasConjTrans

C language declarations of TRSM functions in multiple precisions and argument domains are
shown in Listing 9.

int BLAS_trsm_batched_r16(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, _Float16 « alpha, _Float16 «
A, int « A_ld, _Float16 == B, int « B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trsm_batched_c16(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal  diag, int » m, int « n, _Complex _Float16  alpha,
_Complex _Float16 =+ A, int « A_ld, _Complex _Float16 = B, int « B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trsm_batched_r32(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, float = alpha, float =« A, int =
A_ld, float « B, int = B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trsm_batched_c32(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal « diag, int » m, int « n, _Complex float = alpha,
_Complex float #« A, int « A_Id, _Complex float « B, int » B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trsm_batched_r64(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op « trans, BLAS_Diagonal = diag, int « m, int « n, double « alpha, double = A,
int « A_Id, double =+ B, int « B_Id, int group_count, int = group_sizes, int « info);

int BLAS_trsm_batched_c64(BLAS_Layout layout, BLAS_Side = side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal « diag, int » m, int « n, _Complex double = alpha,
_Complex double »« A, int « A_ld, _Complex double «« B, int = B_Id, int group_count, int = group_sizes, int « info);

int BLAS_trsm_batched_r128(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo « uplo, BLAS_Op « trans, BLAS_Diagonal « diag, int » m, int » n, _Float128 = alpha, _Float128
= A, int » A_ld, _Float128 « B, int « B_Id, int group_count, int « group_sizes, int = info);

int BLAS_trsm_batched_c128(BLAS_Layout layout, BLAS_Side « side, BLAS_UpLo = uplo, BLAS_Op = trans, BLAS_Diagonal = diag, int  m, int « n, _Complex _Float128 = alpha
, _Complex _Float128 «+ A, int » A_ld, _Complex _Float128 «« B, int » B_Id, int group_count, int » group_sizes, int « info);

Listing 9. TRSM: Triangular matrix-matrix solve.

The side array is of size group_count, where each value defines the operation on each matrix
as described in the equation above. The uplo array is of size group_count and defines whether
the upper or the lower triangular part of the matrices {A;} are to be referenced. The trans ar-
ray is of size group_count, where each value defines the operation on each matrix. The diag
array is of size group_count, where each value defines whether the corresponding matrix A is
assumed to be unit or non-unit triangular. The m and n arrays of integers are of size group_count
and define the dimension of the operation on each matrix. The alpha array of size group_count
provides the scalars « described in the equation above. It is of the same precision as the arrays
A and B. The arrays of pointers A and B are of size batch_count and point to the matrices {A;}
and {B;}. For matrices in group g, the size of matrix B; is m[g]*n[g]. The size of the matrix A;
depends on side[g1l; its corresponding size is mentioned in the equation above. The arrays A_ld
and B_1d of size group_count define the leading dimension of the matrices {A;[A_1d[g]]1[*]},
and {B;[B_1d[g]1[*1}, respectively.® The info array defines the behavior of the error handler, as

described in Section 2.4.
4.2 Specifications of the Level 1 and Level 2 Batched BLAS

Similarly to the derivation of a Level 3 Batched BLAS from the Level 3 BLAS, we can derive Level 1
and Level 2 Batched BLAS from the corresponding Level 1 and Level 2 BLAS routines. Although we
do not provide reference versions, we give as examples the Level 1 AXPY: y « « - x + y (Listing 10)
and the Level 2 GEMV: y « a - AX x + f -y APIs (Listing 11.) The number of routines in Level

®The layout argument specifies whether leading dimension is across rows or columns.
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1 and 2 BLAS is very large and providing all the details along the lines of what was done for
Level 3 BLAS would easily double the size of this document without adding substantive content.
Consequently, the details are left out.

int BLAS_axpy_batched_r16(int = n, _Float16 = alpha, _Float16 =« X, int « X_inc, _Float16 « Y, int = Y_inc, int group_count, int = group_sizes, int = info);

int BLAS_axpy_batched_c16(int » n, _Complex _Float16 « alpha, _Complex _Float16 = X, int » X_inc, _Complex _Float16 «« Y, int = Y_inc, int group_count, int » group_sizes,
int « info);

int BLAS_axpy_batched_r32(int = n, float « alpha, float =« X, int « X_inc, float =+ Y, int « Y_inc, int group_count, int « group_sizes, int = info);

int BLAS_axpy_batched_c32(int « n, _Complex float = alpha, _Complex float == X, int » X_inc, _Complex float «« Y, int « Y_inc, int group_count, int = group_sizes, int = info);

int BLAS_axpy_batched_r64(int « n, double = alpha, double #« X, int « X_inc, double ++ Y, int « Y_inc, int group_count, int « group_sizes, int « info);

int BLAS_axpy_batched_c64(int « n, _Complex double = alpha, _Complex double =« X, int « X_inc, _Complex double « Y, int = Y_inc, int group_count, int » group_sizes, int «
info);

int BLAS_axpy_batched_r128(int « n, _Float128 « alpha, _Float128 «« X, int = X_inc, _Float128 =+ Y, int « Y_inc, int group_count, int « group_sizes, int « info);

int BLAS_axpy_batched_c128(int » n, _Complex _Float128 « alpha, _Complex _Float128 « X, int » X_inc, _Complex _Float128 =+ Y, int « Y_inc, int group_count, int «

group_sizes, int = info);

Listing 10. AXPY: Scaling a vector and adding another vector.

Fox AXPY in Listing 10, arrays incx[g] and incy[g] from the gth group BLAS operation must
not be zero and specify the increments for the elements of X[i] and Y[1i], respectively, in group

g.

int BLAS_gemv_batched_r16(BLAS_Layout layout, BLAS_Op = A_trans, int « m, int  n, _Float16 = alpha, _Float16 « A, int « A_ld, _Float16  beta, _Float16 « Y, int « Y_inc, int
group_count, int = group_sizes, int « info);

int BLAS_gemv_batched_c16(BLAS_Layout layout, BLAS_Op « A_trans, int « m, int « n, _Complex _Float16 + alpha, _Complex _Float16 « A, int » A_ld, _Complex _Float16 «
beta, _Complex _Float16 =« Y, int « Y_inc, int group_count, int = group_sizes, int = info);

int BLAS_gemv_batched_r32(BLAS_Layout layout, BLAS_Op = A_trans, int « m, int = n, float = alpha, float « A, int « A_Id, float = beta, float « Y, int « Y_inc, int group_count,

int « group_sizes, int = info);

int BLAS_gemv_batched_c32(BLAS_Layout layout, BLAS_Op = A_trans, int  m, int « n,_Complex float = alpha, _Complex float = A, int « A_ld, _Complex float « beta,
_Complex float =+ Y, int « Y_inc, int group_count, int = group_sizes, int » info);

int BLAS_gemv_batched_r64(BLAS_Layout layout, BLAS_Op = A_trans, int « m, int = n, double = alpha, double *« A, int « A_Id, double = beta, double *« Y, int « Y_inc, int
group_count, int = group_sizes, int « info);

int BLAS_gemv_batched_c64(BLAS_Layout layout, BLAS_Op = A_trans, int = m, int « n, _Complex double = alpha, _Complex double =+ A, int « A_ld, _Complex double  beta,
_Complex double =+ Y, int « Y_inc, int group_count, int « group_sizes, int « info);

int BLAS_gemv_batched_r128(BLAS_Layout layout, BLAS _Op « A_trans, int » m, int « n, _Float128 « alpha, _Float128 =« A, int « A_ld, _Float128 « beta, _Float128 =+ Y, int «
Y_inc, int group_count, int = group_sizes, int = info);

int BLAS_gemv_batched_c128(BLAS_Layout layout, BLAS_Op = A_trans, int = m, int  n, _Complex _Float128 « alpha, _Complex _Float128 =« A, int « A_ld, _Complex
_Float128 » beta, _Complex _Float128 «= Y, int = Y_inc, int group_count, int = group_sizes, int = info);

Listing 11. GEMV: General matrix-vector product.

For GEMV in Listing 11, array incy[g] at the gth position must not be zero and specifies the
increment for the elements of Y[i] in group g.

5 SPECIFICATION OF BATCHED LAPACK ROUTINES

The batched approach to BLAS can be applied to higher-level libraries, and in particular to LA-
PACK. In this extension, the Batched LAPACK routines can be derived from the interfaces of their
corresponding non-batched LAPACK routines, similarly to the derivation of Batched BLAS from
the classic non-batched BLAS. For example, for the batched LU factorization routine of an m X n
matrix A, with partial pivoting based on row interchanges, based on the LAPACK routine GETRF.
Due to space restrictions and a large number of LAPACK routines, we limit to only a few examples
as we did for Level 1 and 2 BLAS.

C language declarations of GETRF functions in multiple precisions and argument domains are
shown in Listing 12.
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int LAPACK_getrf_batched_r16(BLAS_Layout layout, BLAS_Op = A_trans, int  m, int = n, _Float16 == A, int = A_ld, int =« piv, int group_count, int « group_sizes, int = info);

int LAPACK_getrf_batched_c16(BLAS_Layout layout, BLAS_Op » A_trans, int « m, int « n,_Complex _Float16 «« A, int « A_ld, int « piv, int group_count, int « group_sizes, int
« info);

int LAPACK_getrf_batched_r32(BLAS_Layout layout, BLAS_Op « A_trans, int = m, int = n, float =« A, int « A_ld, int «« piv, int group_count, int » group_sizes, int « info);

int LAPACK_getrf_batched_c32(BLAS_Layout layout, BLAS_Op = A_trans, int « m, int = n, _Complex float « A, int « A_Id, int = piv, int group_count, int « group_sizes, int *
info);

int LAPACK_getrf_batched_r64(BLAS_Layout layout, BLAS_Op = A_trans, int  m, int = n, double = A, int « A_ld, int «« piv, int group_count, int « group_sizes, int « info);

int LAPACK_getrf_batched_c64(BLAS_Layout layout, BLAS_Op = A_trans, int « m, int = n, _Complex double « A, int « A_Id, int « piv, int group_count, int « group_sizes, int «
info);

int LAPACK_getrf_batched_r128(BLAS_Layout layout, BLAS_Op = A_trans, int » m, int « n, _Float128 «= A, int + A_ld, int = piv, int group_count, int = group_sizes, int « info);

int LAPACK _getrf_batched_c128(BLAS_Layout layout, BLAS_Op « A_trans, int = m, int » n, _Complex _Float128 « A, int « A_ld, int «« piv, int group_count, int « group_sizes,
int « info);

Listing 12. GETRF: LU matrix factorization.

C language declarations of GETRS functions in multiple precisions and argument domains are
shown in Listing 13.

int LAPACK_getrs_batched_r16(BLAS_Layout layout, BLAS_Op = A_trans, int « n, int « nrhs, _Float16 = A, int = A_ld, int <« piv, _Float16 == B, int = B_Id, int group_count, int «
group_sizes, int « info);

int LAPACK_getrs_batched_c16(BLAS_Layout layout, BLAS_Op « A_trans, int « n, int « nrhs, _Complex _Float16 = A, int « A_ld, int =« piv, _Complex _Float16 s« B, int = B_Id,
int group_count, int = group_sizes, int « info);

int LAPACK_getrs_batched_r32(BLAS_Layout layout, BLAS_Op = A_trans, int « n, int « nrhs, float = A, int « A_Id, int = piv, float « B, int « B_Id, int group_count, int «
group_sizes, int « info);

int LAPACK_getrs_batched_c32(BLAS_Layout layout, BLAS_Op « A_trans, int « n, int = nrhs, _Complex float == A, int = A_ld, int «« piv, _Complex float = B, int « B_Id, int
group_count, int = group_sizes, int = info);

int LAPACK_getrs_batched_r64(BLAS_Layout layout, BLAS_Op = A_trans, int « n, int  nrhs, double =« A, int = A_Id, int « piv, double =« B, int » B_Id, int group_count, int =
group_sizes, int « info);

int LAPACK_getrs_batched_c64(BLAS_Layout layout, BLAS_Op « A_trans, int « n, int = nrhs, _Complex double =+ A, int « A_Id, int «+ piv, _Complex double « B, int = B_Id, int
group_count, int = group_sizes, int = info);

int LAPACK_getrs_batched_r128(BLAS_Layout layout, BLAS_Op = A_trans, int = n, int = nrhs, _Float128 == A, int = A_ld, int =« piv, _Float128 =« B, int = B_Id, int group_count,
int « group_sizes, int = info);

int LAPACK_getrs_batched_c128(BLAS_Layout layout, BLAS_Op = A_trans, int « n, int « nrhs, _Complex _Float128 « A, int = A_Id, int « piv, _Complex _Float128 «« B, int =
B_Id, int group_count, int = group_sizes, int = info);

Listing 13. GETRS: LU matrix solve.

C language declarations of GESV functions in multiple precisions and argument domains are
shown in Listing 14.

int LAPACK _gesv_batched_r16(BLAS_Layout layout, int « n, int « nrhs, _Float16 «« A, int » A_ld, int «« piv, _Float16 « B, int « B_Id, int group_count, int « group_sizes, int » info
)

int LAPACK_gesv_batched_c16(BLAS_Layout layout, int = n, int « nrhs, _Complex _Float16 =« A, int = A_ld, int =« piv, _Complex _Float16 « B, int » B_Id, int group_count, int «
group_sizes, int « info);

int LAPACK_gesv_batched_r32(BLAS_Layout layout, int « n, int = nrhs, float «« A, int « A_ld, int «« piv, float «« B, int » B_Id, int group_count, int = group_sizes, int « info);

int LAPACK_gesv_batched_c32(BLAS_Layout layout, int = n, int « nrhs, _Complex float « A, int « A_Id, int == piv, _Complex float « B, int « B_Id, int group_count, int «
group_sizes, int « info);

int LAPACK _gesv_batched_r64(BLAS_Layout layout, int « n, int « nrhs, double =« A, int « A_Id, int «« piv, double « B, int + B_Id, int group_count, int » group_sizes, int = info);

int LAPACK_gesv_batched_c64(BLAS_Layout layout, int » n, int « nrhs, _Complex double «« A, int = A_Id, int « piv, _Complex double ++ B, int = B_Id, int group_count, int =
group_sizes, int « info);

int LAPACK_gesv_batched_r128(BLAS_Layout layout, int « n, int « nrhs, _Float128 «« A, int = A_ld, int < piv, _Float128 =« B, int » B_Id, int group_count, int = group_sizes, int =
info);

int LAPACK_gesv_batched_c128(BLAS_Layout layout, int « n, int = nrhs, _Complex _Float128 = A, int « A_Id, int =« piv, _Complex _Float128 « B, int = B_Id, int group_count,
int « group_sizes, int = info);

Listing 14. GESV: LU matrix factorization and solve.

C language declarations of POTRF functions in multiple precisions and argument domains are
shown in Listing 15.

int LAPACK_potrf_batched_r16(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, _Float16 =« A, int = A_ld, int group_count, int « group_sizes, int = info);

int LAPACK_potrf_batched_c16(BLAS_Layout layout, BLAS_UpLo = uplo, int » n, _Complex _Float16 == A, int = A_Id, int group_count, int = group_sizes, int = info);
int LAPACK _potrf_batched_r32(BLAS_Layout layout, BLAS_UpLo « uplo, int « n, float « A, int « A_ld, int group_count, int » group_sizes, int « info);

int LAPACK_potrf_batched_c32(BLAS_Layout layout, BLAS_UpLo « uplo, int « n, _Complex float =« A, int « A_ld, int group_count, int « group_sizes, int « info);

int LAPACK_potrf_batched_r64(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, double « A, int « A_Id, int group_count, int « group_sizes, int = info);

int LAPACK _potrf_batched_c64(BLAS_Layout layout, BLAS_UpLo = uplo, int = n, _Complex double =+ A, int « A_Id, int group_count, int = group_sizes, int = info);

int LAPACK _potrf_batched_r128(BLAS_Layout layout, BLAS_UpLo « uplo, int = n, _Float128 =« A, int « A_Id, int group_count, int « group_sizes, int = info);

int LAPACK_potrf_batched_c128(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, _Complex _Float128 «« A, int » A_ld, int group_count, int « group_sizes, int = info);

Listing 15. POTRF: Cholesky matrix factorization.
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C language declarations of POTRS functions in multiple precisions and argument domains are
shown in Listing 16.

int LAPACK_potrs_batched_r16(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, _Float16 = A, int + A_ld, _Float16 « B, int » B_ld, int group_count, int «
group_sizes, int = info);

int LAPACK_potrs_batched_c16(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int » nrhs, _Complex _Float16 =« A, int « A_ld, _Complex _Float16 = B, int « B_Id, int
group_count, int = group_sizes, int « info);

int LAPACK_potrs_batched_r32(BLAS_Layout layout, BLAS_UpLo « uplo, int « n, int = nrhs, float = A, int « A_ld, float = B, int « B_ld, int group_count, int = group_sizes, int «
info);

int LAPACK _potrs_batched_c32(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int » nrhs, _Complex float «« A, int « A_ld, _Complex float « B, int « B_ld, int group_count,
int « group_sizes, int = info);

int LAPACK_potrs_batched_r64(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int = nrhs, double =+ A, int « A_ld, double <« B, int « B_Id, int group_count, int = group_sizes,
int « info);

int LAPACK _potrs_batched_c64(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int = nrhs, _Complex double =« A, int « A_ld, _Complex double «+ B, int = B_Id, int
group_count, int = group_sizes, int « info);

int LAPACK_potrs_batched_r128(BLAS_Layout layout, BLAS_UpLo = uplo, int = n, int » nrhs, _Float128 « A, int « A_Id, _Float128 =« B, int = B_Id, int group_count, int =
group_sizes, int » info);

int LAPACK _potrs_batched_c128(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, _Complex _Float128 «« A, int = A_Id, _Complex _Float128 « B, int » B_Id, int
group_count, int = group_sizes, int « info);

Listing 16. POTRS: Cholesky matrix solve.

C language declarations of POSV functions in multiple precisions and argument domains are
shown in Listing 17.

int LAPACK_posv_batched_r16(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, _Float16 «« A, int « A_ld, _Float16 «+ B, int = B_ld, int group_count, int « group_sizes
, int « info);

int LAPACK_posv_batched_c16(BLAS_Layout layout, BLAS_UpLo « uplo, int = n, int « nrhs,_Complex _Float16 «« A, int « A_ld,_Complex _Float16 = B, int « B_ld, int
group_count, int = group_sizes, int = info);

int LAPACK_posv_batched_r32(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, float « A, int « A_Id, float «+ B, int « B_Id, int group_count, int = group_sizes, int «
info);

int LAPACK_posv_batched_c32(BLAS_Layout layout, BLAS_UpLo = uplo, int = n, int = nrhs, _Complex float =+ A, int « A_ld, _Complex float =« B, int = B_ld, int group_count, int
= group_sizes, int = info);

int LAPACK_posv_batched_r64(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, double «+ A, int » A_Id, double « B, int « B_Id, int group_count, int « group_sizes,
int « info);

int LAPACK_posv_batched_c64(BLAS_Layout layout, BLAS_UpLo = uplo, int = n, int = nrhs, _Complex double = A, int + A_ld, _Complex double == B, int « B_Id, int
group_count, int = group_sizes, int = info);

int LAPACK_posv_batched_r128(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, _Float128 « A, int « A_ld, _Float128 «« B, int = B_Id, int group_count, int =
group_sizes, int = info);

int LAPACK_posv_batched_c128(BLAS_Layout layout, BLAS_UpLo = uplo, int « n, int « nrhs, _Complex _Float128 =« A, int = A_ld, _Complex _Float128 «« B, int = B_Id, int
group_count, int = group_sizes, int = info);

Listing 17. POSV: Cholesky matrix factorization and solve.

6 IMPLEMENTATION OF THE BATCHED BLAS

The key to efficient BLAS implementation is to hierarchically block the BLAS computation into
tasks that operate on data that fits into the corresponding hierarchical memory levels of the com-
puter architecture at hand (see for example the K40 GPU memory hierarchy in Figure 1). The goal
is to reduce expensive data movements by loading the data required for a task into fast memory
and reusing it in computations from there as many times as possible. An example for achieving this
on Level 3 BLAS for GPUs is the MAGMA GEMM [42]. This GEMM harnesses hierarchical block-
ing on the memory levels available on the Kepler GPUs, including a new register blocking, and is
still in use on current GPUs. Hierarchical blocking and communications are needed for optimal
performance even for memory-bound computations like Level 2 BLAS, e.g., see the matrix-vector
kernels developed and optimized for Xeon Phi architectures [34].

Thus, splitting an algorithm into hierarchical tasks that block the computation over the available
memory hierarchies (to reduce data movement) is essential for implementing high-performance
BLAS.

Details on how these techniques can be extended to develop high-performance Batched BLAS,
and in particular, the extensively used batch GEMM, can be found elsewhere [2]. The routines
developed thereby are released through the MAGMA library, providing a model Batched BLAS
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(a) Performance on matrices of sizes less than 32. (b) Performance on larger-sized matrices.

Fig. 2. Performance of batch DGEMM on K40c GPU and dual 16-core Intel Xeon ES-2670 (Sandy Bridge)
2.60 GHz CPU in MAGMA, NVIDIA cuBLAS, and Intel MKL.

implementation for GPUs. The goal of this model implementation and the API proposed here is
that similarly to BLAS, hardware vendors adopt the Batched BLAS API and maintain highly tuned
implementations for their corresponding platforms.

The MAGMA performance is shown in Figure 2. Besides hierarchical blocking, specialized ker-
nels are designed for various sizes, and a comprehensive autotuning process is applied to all ker-
nels. For very small matrix sizes, e.g., sub-vector/warp in size, the performance is memory-bound.
Techniques such as grouping several GEMMs to be executed on the same multiprocessor, vec-
torization across GEMMs, along with data prefetching optimizations, are used to reach 90+% of
the theoretical peak on either multicore CPUs or GPUs [1, 39] (see Figure 2, left). This perfor-
mance is obtained on CPUs using compiler intrinsics, while on GPUs peak still can be reached
by coding in CUDA. For larger sizes on GPUs, e.g., up to about 200 on K40 GPUs, best results
are obtained by mapping a single GEMM (from the batch) to a multiprocessor, where the usual
hierarchical blocking is applied. For larger matrix sizes, streaming is applied to GEMMs tuned for
larger sizes. This results in using more than one multiprocessor for a single GEMM (see Figure 2,
right). For these sizes, similar to CPUs, coding multilevel blocking types of algorithms on GPUs
must be in native machine language to overcome some limitations of the CUDA compiler or warp
scheduler (or both) [44]. Assembly implementations [23, 37] are used today in cuBLAS for Kepler
and Maxwell GPUs to obtain higher performance than corresponding CUDA codes. Running these
types of implementations through different streams gives the currently best performing batch im-
plementations for large size matrices. See Figures 3 and 4 for more details.

7 BATCHED BLAS IN APPLICATIONS

Many modern applications are cast in terms of a solution of many small matrix operations; that is,
at some point in their execution, programs must perform a computation that is cumulatively very
large, but whose individual parts are very small; when such operations are implemented naively
using the typical approach, they perform poorly. Applications that suffer from this problem include
those that require tensor contractions (as in the quantum Hall effect), astrophysics [40], metabolic
networks [36], CFD and resulting PDEs through direct and multifrontal solvers [48], high-order
FEM schemes for hydrodynamics [11], direct-iterative preconditioned solvers [33], quantum chem-
istry [7], image [41], and signal processing [6]. Batch LU factorization was used in subsurface
transport simulation [46], whereby many chemical and microbiological reactions in a flow path
are simulated in parallel [47]. Finally, small independent problems also occur as a very important
aspect of computations on hierarchical matrices (H-matrices) [25].
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Fig. 3. Performance of batch DGEMM on Titan V GPU and dual 18-core Intel Xeon Gold 6140 (Cascade
Lake) 2.30 GHz CPU in NVIDIA cuBLAS and Intel MKL.
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Fig. 4. Speedup and power consumption achieved by the MAGMA’s batched LU factorization on NVIDIA’s
Kepler K40c GPU from Tesla product line compared against 16-core Intel Xeon ES-2670 (Sandy Bridge) 2.60
GHz CPUs.

One might expect that such applications would be well suited to accelerators or coprocessors,
like GPUs. Due to the high levels of parallelism that these devices support, they can efficiently
achieve very high performance for large data-parallel computations when they are used in
combination with a CPU that handles the part of the computation that is difficult to parallelize (3,
26, 45]. But for several reasons, this turns out not to be the case for applications involving large
amounts of data that come in small units. For the case of LU, QR, and Cholesky factorizations of
many small matrices, we have demonstrated that, under such circumstances, by creating software
that groups these small inputs together and runs them in large “batches,” we can dramatically
improve performance by exploiting the increased parallelism that the grouping provides as well as
the opportunities for algorithmic improvements and code optimizations [27, 28]. By using batch
operations to overcome the bottleneck, small problems can be solved two to three times faster on
GPUs, and with four to five times better energy efficiency than on multicore CPUs alone (subject
to the same power draw). For example, Figure 1(a) illustrates this for the case of many small
LU factorizations—even in a multicore setting, the batch processing approach outperforms its

ACM Transactions on Mathematical Software, Vol. 47, No. 3, Article 21. Publication date: June 2021.



21:20 A. Abdelfattah et al.

Speedup of the solver for matrix size 150 S !
. . . Batched 150-isotope
7|  Titan Kepler K20 GPU /
. Brock et al
2 6 (2015)
3 g
g 6 Initial /
'1% version f[
g B* 7X
3 =
82 T 3
o g Batched with
%) g 13 A improved sum
e el
e — (2015)
0l '
0 100 200 300 400 500 600 700 800
0 Concurrent networks
MKL MA48 MAGMA
(a) Speedup for the batched LU solver. (b)

Fig.5. Acceleration of XNet and astrophysics’ thermonuclear networks applications using batched approach.

non-batch counterpart by a factor of approximately two, while the batch approach in MAGMA’
on a NVIDIA Kepler K40c GPU outperforms by about 2x the highly optimized CPU batch version
running on 16 Intel Sandy Bridge cores [28]. Moreover, similarly to the way LAPACK routines
benefit from BLAS, we have shown that these batch factorizations can be organized as a sequence
of Batched BLAS calls, and their performance is portable across architectures, provided that the
Batched BLAS needed are available and well optimized. Note that NVIDIA is already providing
some optimized Batched BLAS implementations in cuBLAS [43], and Intel also included a batch
matrix-matrix product (GEMM BATCH) in MKL [24]. Consequently, batch factorizations, and the
underlying Batched BLAS, can be used in applications. For example, as shown in Figure 5(a), the
batched LU results were used to speed up a nuclear network simulation. The XNet benchmark
shows up to 3.6X improvement against the MKL library and up to 2X speedup over the MA48
factorization from the Harwell Subroutine Library [32] when solving hundreds of matrices of
size 150 X 150 on Titan supercomputer at ORNL [12]. Another example shown in Figure 5(b) is
the astrophysical thermonuclear networks coupled to hydrodynamical simulations in explosive
burning scenarios [9] that was accelerated 7x by using the batch approach.

8 FUTURE DIRECTIONS

Defining a Batched BLAS interface is a response to the demand for acceleration of new (batch) lin-
ear algebra routines on heterogeneous and manycore architectures used in current applications.
While expressing the computations in applications through matrix algebra (e.g., Level 3 BLAS)
works well for large matrices, handling small matrices brings new challenges. The goal of the
Batched BLAS is to address these challenges on a library level. The proposed API provides a set
of routines featuring BLAS-inspired data storage and interfaces. Similarly to the use of BLAS,
there are optimization opportunities for batch computing problems that cannot be folded into the
Batched BLAS, and therefore must be addressed separately. For example, these are cases where
operands {A;}, {B;}, and {C;} share data, operands are not directly available in the BLAS ma-
trix format, or where expressing a computation through BLAS may just lose application-specific
knowledge about data affinity. For instances where the operands originate from multi-dimensional
data, which is a common case, in future work, we will look at new interfaces and data abstractions,
e.g., tensor-based, where:

7See MAGMA’’s website at https://icl.utk.edu/magmay/.

ACM Transactions on Mathematical Software, Vol. 47, No. 3, Article 21. Publication date: June 2021.


https://icl.utk.edu/magma/

A Set of Batched Basic Linear Algebra Subprograms and LAPACK Routines 21:21

(1) explicit preparation of operands can be replaced by some index operation;

(2) operands do not need to be in matrix form, but instead, can be directly loaded in matrix
form in fast memory and proceed with the computation from there;

(3) expressing computations through BLAS will not lead to loss of information, e.g., that
can be used to enforce certain memory affinity or other optimization techniques, be-
cause the entire data abstraction (tensor/s) will be available to the routine (and to all
cores/multiprocessors/etc.) [1, 8].

Finally, we reiterate that the goal is to provide the developers of applications, compilers, and
runtime systems with the option of expressing many small BLAS operations as a single call to a
routine from the new batch operation standard. Thus, we hope that this standard will help and
encourage community efforts to build higher-level algorithms, e.g., not only for dense problems as
in LAPACK, but also for sparse problems as in preconditioners for Krylov subspace solvers, sparse
direct multifrontal solvers, and so on, using Batched BLAS routines. Some optimized Batched BLAS
implementations are already available in the MAGMA library, and moreover, industry leaders such
as NVIDIA, Intel, and AMD have also noticed the demand and have started providing some opti-
mized Batched BLAS implementations in their own vendor-optimized libraries.
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