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tBohemian domains
BOHEMIAN: BOunded HEight Matrices of Integers

〈−d,0〉

〈−d,d〉

〈−d,d〉0

〈−d,2,d〉
−d d0

Y R. M. Corless, S. E. Thornton. The Bohemian Eigenvalue Project.
ACM Commun. Comput. Algebra, 50:158–160, 2017.
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tWhat we want to know

Pick a “class”
I a matrix structure H
I a size n
I a domain D

Questions
M. What is the largest possible determinant (in absolute value)?
C. How many distinct determinants are there?
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tThe Characteristic Polynomial Database
Twenty conjectures (for d = 1) regarding:
I nilpotency
I characteristic polynomials
I determinants

1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

Y S. E. Thornton, The Characteristic Polynomial Database, 2018.
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tThe CPDB conjectures in 2018
1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

I nilpotency
I characteristic polynomials
I determinants

1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

I true
I false
I open

We proved
I a generalization of Conjectures 4 and 12–20
I Conjecture 8 7
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tA formula for the determinants

Determinant of normalized Hessenberg matrices
For an n × n normalized upper Hessenberg matrix H

detH = (−1)n+1
(
h1n +

n∑
i=2
(−1)i−1hin detH(i−1)

)
where H(i) is the leading principal minor of size i.

Proof. Laplace expansion along the last column.
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tA formula for the determinants—illustrated

H =

h11 h12 h13 h14 h15

1 h22 h23 h24 h25

1 h33 h34 h35

1 h44 h45

1 h55








detH =

h15 − h25 detH(1) + h35 detH(2) − h45 detH(3) + h55 detH(4)
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tConstructive proofs are better
Expected answers
M. What is the largest possible determinant (in absolute value)?

Exhibit a matrix with maximum determinant.
C. How many distinct determinants are there?

Construct a matrix with given determinant.

Ideal test matrices
I Only integer arithmetic
I Answer known exactly
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tMaximum determinant
(
〈−d,0〉, 〈−d,d〉, 〈−d,d〉0

)
The maximum determinant is achieved by

K (d,n) =



−d −d · · · −d −d
1 −d · · · −d −d
. . .
. . .

...
...

1 −d −d
1 −d



=


K (d,n−1)

−d
−d
...
−d

1 −d



which has determinant

detK (d,n) = (−1)nd(d + 1)n−1

Proof: By induction.
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tEnumerating determinants
The matrix

H =


K (d,n−1)

b
a0
...

an−3
0 · · · 0 1 an−2


b,a0, . . . ,an−2 ∈ D

b̃, ã0, . . . , ãn−2 ∈ D

has determinant

(−1)n+1b +
n−2∑
i=0
(−1)n+iai detK (d,i+1)

= (−1)n
(
b̃ +

n−2∑
i=0

ãi · d(d + 1)i
)
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b̃, ã0, . . . , ãn−2 ∈ D
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ãi · d(d + 1)i
)

12



Dr
af

tInteger representations

γ = (−1)n
(
b +

n−2∑
i=0

ai · d(d + 1)i
)
, b,a0, . . . ,an−2 ∈ D

What integers can we write in this form?

D = 〈−d,0〉 γ ∈ (−1)n · 〈0,d(d + 1)n−1〉
D = 〈−d,d〉 γ ∈ 〈−d(d + 1)n−1,d(d + 1)n−1〉
D = 〈−d,d〉0,d > 1 γ ∈ 〈−d(d + 1)n−1,d(d + 1)n−1〉
D = 〈−1,1〉0 γ ∈ 〈−2n−2,2,2n−2〉
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tNormalized upper Hessenberg: summary
Answers
M. What is the largest possible determinant (in absolute value)?

gdn−1 := d(d + 1)n−1 regardless of the domain.
C. How many distinct determinants are there?

It depends on the domain.

Constructive proofs
I We can construct a matrix that has given determinant
I All these matrices share the first n − 1 columns
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tHollow normalized Bohemians

Similar ideas

I Maximality first
I Expansion along last column
I Integer representations

Very di�erent results



0 × × × ×
1 0 × × ×

1 0 × ×
1 0 ×

1 0


(Normalized) Hollow
Upper Hessenberg
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tA generalization of Fibonacci numbers
d-weighted Fibonacci

fdi =


0, i = 0,
d, i = 1,
fdi−1 + d · f

d
i−2, i > 1.

d ∈ Î.

d = 1 0 1 1 2 3 5 8 13 21 . . .

d = 2 0 2 2 6 10 22 42 86 170 . . .

d = 3 0 3 3 12 21 57 120 291 651 . . .

16



Dr
af

tMaximum determinant
(
〈−d,0〉, 〈−d,d〉, 〈−d,d〉0

)
The maximum determinant is achieved by

K̂ (d,n) =



0 −d · · · −d −d
1 0 · · · −d −d
. . .
. . .

...
...

1 0 −d
1 0



=


K̂ (d,n−1)

−d
−d
...
−d

1 0



which has determinant

det K̂ (d,n) = (−1)n · fdn−1

Proof: By induction.
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The matrix
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tInteger representations

γ = (−1)n
(
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)
, b,a0, . . . ,an−3 ∈ D

What integers can we write in this form?
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D = 〈−1,1〉0 γ ∈ 〈−fn−1,2, fn−1〉
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tComparison
Convenient notation: gdn = d(d + 1)n

H

D
〈−d,0〉 〈−d,d〉

〈−d,d〉0

d > 1 d = 1

Normalized (−1)n〈0,gdn−1〉 〈−gdn−1,gdn−1〉 〈−gdn−1,gdn−1〉 〈−g1
n−1,2,g1

n−1〉

Hollow (−1)n〈0, fdn−1〉 〈−fdn−1, fdn−1〉 〈−fdn−1, fdn−1〉 〈−f 1
n−1,2, f 1

n−1〉

I All conjectures were true!
I Similar ideas
I Unexpected parallelism in the result
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tThe CPDB conjectures in 2021
1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

I nilpotency
I characteristic polynomials
I determinants

1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

I true for any d ∈ Î \ {0}
I true as stated
I false as stated
I open

C8. Generalized proof due to Keating and Keleş (2020)
C9. Counterexample due to Du, da Fonseca, Xu, and Ye (2021)

21



Dr
af

tReferences

Y M. Fasi and G. M. Negri Porzio. Determinants of normalized Bohemian upper
Hessenberg matrices. Electron. J. Linear Algebra, 36:352–366, 2020.

Y J. P. Keating and A. A. Keleş. Maximum absolute determinants of upper
Hessenberg Bohemian matrices. Preprint arXiv:2003.00454 [cs.SC], 2020.

Y M. Fasi, J. Feng, and G. M. Negri Porzio. Corrigendum to “Determinants of
normalized Bohemian upper Hessenberg matrices” [Electron. J. of Linear
Algebra 36 (2020) 352–366]. Electron. J. Linear Algebra, 37:160–162, 2021.

Y Z. Du, C. da Fonseca, Y. Xu, and J. Ye. Disproving a conjecture of Thornton on
Bohemian matrices. Open Mathematics, 19(1):505–514, 2021.

22

https://doi.org/10.13001/ela.2020.5053
https://doi.org/10.13001/ela.2020.5053
https://arxiv.org/abs/2003.00454
https://arxiv.org/abs/2003.00454
https://doi.org/10.13001/ela.2021.5849
https://doi.org/10.13001/ela.2021.5849
https://doi.org/10.13001/ela.2021.5849
https://doi.org/10.1515/math-2021-0045
https://doi.org/10.1515/math-2021-0045

