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How to count configurations of non-attacking kings on
a chess board

Figure: The five possible 2 x 2 boards.
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How many ways can you place non-attacking kings on
a chessboard?

@ How many configurations for 1 x 1 chess boards?
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How many ways can you place non-attacking kings on
a chessboard?

@ How many configurations for 1 x 1 chess boards? 2.
@ 2 x 2 boards? 5.
@ 2 x 2 x 2boards? 9.
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How many ways can you place non-attacking kings on
a chessboard?

@ How many configurations for 1 x 1 chess boards? 2.
@ 2 x 2 boards? 5.

@ 2 x 2 x 2boards? 9.

@ 3 x 3 boards?
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How many ways can you place non-attacking kings on
a chessboard?

@ How many configurations for 1 x 1 chess boards? 2.
@ 2 x 2 boards? 5.
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@ 3 x 3 boards? 35.
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How many ways can you place non-attacking kings on
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@ How many configurations for 1 x 1 chess boards? 2.
@ 2 x 2 boards? 5.

@ 2 x 2 x 2boards? 9.

@ 3 x 3 boards? 35.
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How many ways can you place non-attacking kings on
a chessboard?

@ How many configurations for 1 x 1 chess boards? 2.
@ 2 x 2 boards? 5.

@ 2 x 2 x 2boards? 9.

@ 3 x 3 boards? 35.

@ 3 x 3 x 3 boards? 2,089.

@ 4 x 4 x 4 boards? 3,144,692.
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In the limit

@ One question we can ask is: How does the number of boards
increase as we increase the number of squares in the board?

multiplicity,p = _lim _F(m, n)t/mn
,N—»00
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In the limit

@ One question we can ask is: How does the number of boards
increase as we increase the number of squares in the board?

multiplicity,p = _lim _F(m, n)'/m ~1.3426. ..

@ How much information can be stored per square?

capacity,p = log, multiplicity,p ~ 0.42507 . ..

@ What about for three dimensions?
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Why is this problem important?
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Why is this problem important?

@ Statistical mechanics (Entropy)
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Why is this problem important?

@ Statistical mechanics (Entropy)
@ Information Theory (Channel Capacity)
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Why is this problem important?

@ Statistical mechanics (Entropy)
@ Information Theory (Channel Capacity)
@ Dynamical Systems (Subshifts of Finite Type)
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Why is this problem interesting?

@ Look at these beautiful matrices!
@ We can solve many types of recurrence relations exactly.
@ It feels like an exact solution should be right around the corner.

o 20 40 60 B0 100 120 140
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Look at these beautiful eigenvectors!

10 -
038 -
06 -
0.4 -
02 -
004 . . . . . .
0 100 200 300 400 500
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The 2-D problem

The 2-D problem is relatively easy.
@ Identify the 1-D slices
@ Build an adjacency matrix A, of all possible slices of height k with
1s identifying slices that are allowed to be placed next to each
other.
© Compute e1T A,’('Jr1 e, to calculate the number of configurations of
kings on a board of dimension k x n.

9/34
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The 2-D problem: identifying the 1-D slices

The 1-D slices can be generated using the simple recursive

relationship shown below. It is easy to see that the number of 1-D
boards are Fibonacci numbers.
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The 2-D problem: building an adjacency matrix

@ An adjacency matrix is indexed by the previously shown ordering
of 1-D slices and shows us which slices may be adjacent.

@ If we index as indicated in the previous slides, it is easy to see that
Ak_1 appears in the top left corner and copies of Ax_» appear in
the bottom left and top right corners.

A1 Ak
Ao 0

=
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The 2-D problem: building an adjacency matrix

o - 00—
OO O = =
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The 2-D Problem: Interpreting the Adjacency Matrix

@ It is easy to see (and well known) that the (/, /) entry of AZJr1
counts the number of configurations of n slices sandwiched
between slice i/ and slice .

@ To simplify computation, we can sum the entries of AZ‘1 to count
the number of k x n configurations of kings like so:

v (1,1,...,1)

fori<-1ton—1:
V +— AxV

return > v;
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The 2-D Problem: Interpreting the Adjacency Matrix

A"1 approaches a multiple of the Perron eigenvector, and its growth
rate, the Perron eigenvalue, tells us what the asymptotic growth rate of
the number of boards is as we increase the thickness.
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The 2-D Problem: Interpreting the Adjacency Matrix

A"1 approaches a multiple of the Perron eigenvector, and its growth
rate, the Perron eigenvalue, tells us what the asymptotic growth rate of
the number of boards is as we increase the thickness.

10 10
08 08
06 06
04 04
02 02
00 00
0 100 200 300 400 500 800 0 200 400 600 800 1000
10
08
06
04
02
00
0 100 200 300 200 500 €00

Neil Calkin, Nick Cohen (Clemson University, Calculating the 3-D Kings Multiplicity Constan July 23, 2021 14/34



The 2-D Problem: Interpreting the Adjacency Matrix

@ The dimension of A, grows like Fib(k) x Fib(k). E.g. Asp is
2,178,309 x 2,178, 309.

@ The number of non-zero entries in these matrices grow like 2%
(Asg has 1,431,655, 765 nonzero entries), but it turns out, you
only need to store the vector, since the matrix operation on the
vector can be coded without the need to hold the matrix in
computer memory, so the memory requirements only grow like ¢,
where ¢ ~ 1.618 is the golden ratio.
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The 3-D Problem is Hard

@ Just as we create an adjacency matrix of 1-D slices for the 2-D
problem, we can also create an adjacency matrix of 2-D slices for
the 3-D problem.

@ But there is no nice way of generating these 2-D slices that yields
easy to store matrices.

@ Unlike for the 2-D problem, we need to store the entire matrix in
memory.
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The 3-D Problem is Hard

@ Just as we create an adjacency matrix of 1-D slices for the 2-D
problem, we can also create an adjacency matrix of 2-D slices for
the 3-D problem.

@ But there is no nice way of generating these 2-D slices that yields
easy to store matrices.

@ Unlike for the 2-D problem, we need to store the entire matrix in
memory... sort of.
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Matrix Compression

@ Studying the Perron eigenvector, we noticed that many entries
were repeated.

@ These repeated entries usually corresponded with symmetries of
slices such as flips or rotations.

1.0 %

0.5513875
X= | 0.3554157

0.5513875
| 0.3554157 &
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Matrix Compression

@ We then realized that we could use these repeated eigenvector
entries to reduce the dimension of the matrices used in our
calculations by summing the rows corresponding to identical
eigenvector entries and eliminating the redundant column index.

11 1 1 1
100 1ol [J1.0
A=11 0 0 0 Of —
10 00
11000 1000
10 00O
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Matrix Compression

@ In fact, we can do all the compression in one process as follows:

Ac=LAR

@ A is the compressed matrix
@ Ais a d x d matrix while A¢ is a d' x d’ matrix with d’ < d.

@ Ris a d x d’ matrix that has one column for every unique
eigenvector entry, and the column is the indicator function for that
class of slices.

e Lis ad x d matrix that has one row for every unique eigenvector
entry. For each row and its corresponding class, L has a 1 at the
very first instance of an index corresponding to that class and Os
elsewhere.
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Matrix Compression

111 1 1 100

10000 10010 010
L=(01 0 0 O A=11 0 0 0 O R=1({0 0 1
0 01 0O 11000 010
10 000 0 0 1

—_ .
O =N

AC{

@ L, A and R for 3 x 1 slices.

@ If x is a Perron eigenvector of A and X is the Perron eigenvalue of
A, then Lx is a Perron eigenvector of L A R with

o O N
B |

LAR Lx = ALx.
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Matrix Compression

Xa
1 0 0 0 O] |x Xz
Lx = [O 1 00 O} Xc| = [xb
0 01 0 Of [xp Xc
Xc
100 Xa
0 1 0| [xa Xp
R(Lx)= |0 0 1 [xb] = | Xc
0 1 0] |x¢ Xp
0 0 1 Xc
Ac(Lx)=LARLx=LAx=\Lx
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The adjacency matrix for 3 x 3 slices with one opposite edge pair

glued together: uncompressed and compressed.
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Matrix Compression

We searched the literature for others using matrix compression and
found:

@ "Exact and Approximate Compression of Transfer Matrices for
Graph Homomorphisms" by Lundow and Markstrém

@ "Compression of Transfer Matrices" by Lundow.

These authors describe matrix compression via graph
homomorphisms. In our case, the vertices are slices and edges are
possible adjacencies between slices.

The key step in using this matrix compression technique is identifying
the graph homomorphisms.
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Graph Homomorphisms for Non-Attacking Kings

We find graph homomorphisms by identifying the regions where kings
can be placed in adjacent slices.
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Graph Homomorphisms for Non-Attacking Kings

@ We call the adjacent region of possible kings positions to a slice a
PKP.

@ To check whether two slices were equivalent, we compared their
PKP patterns under rotation, reflection, and translation (when
applicable).

@ We converted each PKP to an integer, and for each class of
equivalent PKPs, we determined the least such integer, which we
called the min PKP.

Sl S NG

216
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Graph homomorphisms for non-attacking kings

@ We partitioned all slices into classes that share the same min PKP.

@ This gives us an effective method for computing the graph
homomorphisms for our problem.

= E mF
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Graph homomorphisms for non-attacking kings

@ We partitioned all slices into classes that share the same min PKP.

@ This gives us an effective method for computing the graph
homomorphisms for our problem.

= E mF

216

All four slices go in bucket labeled 27.
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Computation

@ The end result compressed matrices we created had entries ¢;
whose value is the number of adjacencies between some
representative of the /" slice class and all slices in class ;.

@ If slice class i has 1000 members, we needed to check roughly
1000 times fewer adjacencies than in a non-compressed
adjacency matrix.

@ Counting these adjacencies was the primary time constraint we
ran into. The largest slice dimensions we were able to work with
had roughly 1000 members per class, and so matrix compression
sped up our code by roughly a factor of 1000.

@ The compressed matrix also decreased the storage requirements
by roughly 1000 fold. Both uncompressed and compressed
matrices could be stored as sparse matrices.
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PSA: GPUs are Your Friend

@ Originally we used multiple CPUs to find slice adjacencies with
Java.

@ Later we used the PyTorch Python library to move this operation
to GPUs and achieved roughly another 1000 times speedup.
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Results

1.1722475193 < multiplicity;p < 1.1798420399

0.2292772260 < capacity;p < 0.2385937211,
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Results

n F(n,n,n) F'(n,n,n) F"(n,n,n) F"'(n,n,n)

1 2 1 1 1

2 9 9 9 9

3 2,089 469 109 28

4 3,144,692 955,597 285,457 86,409

5 2,748, 141,446, 7,797, 442,

613,397,101 194,951 443,501 888,551

6 107,008,949, 3,540,028,254, | 126,286,208,
868,167,431,857 720,734,235 383,726,353

7 13,894,384, 73,142,142, 421,725,200,
033,156,308,816, 037,998,950, 626,057,564,
935,906,058,416 | 249,305,520,745 | 456,468,571

Table: The number of n x n x n solids of various sizes with 0, 1, 2, and 3 pairs
of attached ends.
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Open Questions

@ Can we create an indexing scheme for the 2-D slices that allow
better storage of uncompressed adjacency matrices (much like
what is done for 1-D slices)?
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@ Can we bound the relative sizes of the other eigenvalues for an
adjacency matrix? Doing so may greatly improve the lower bound
on multiplicity;p and capacitysp.
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Open Questions

@ Can we create an indexing scheme for the 2-D slices that allow
better storage of uncompressed adjacency matrices (much like
what is done for 1-D slices)?

@ Can we bound the relative sizes of the other eigenvalues for an
adjacency matrix? Doing so may greatly improve the lower bound
on multiplicity;p and capacitysp.

@ Can we develop a technique that scales to 4-D and beyond?

@ Compressed matrices are not always full rank. Why? How much
more compression is possible? Is it practical?

@ Email any questions or ideas to cohenni@uci.edu
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Open Questions

@ Can we create an indexing scheme for the 2-D slices that allow
better storage of uncompressed adjacency matrices (much like
what is done for 1-D slices)?

@ Can we bound the relative sizes of the other eigenvalues for an
adjacency matrix? Doing so may greatly improve the lower bound
on multiplicity;p and capacitysp.

@ Can we develop a technique that scales to 4-D and beyond?

@ Compressed matrices are not always full rank. Why? How much
more compression is possible? Is it practical?

@ Email any questions or ideas to cohenni@uci.edu

@ Thanks for your attention!
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Lower bound

@ Maxminum principle
@ Switch indices and apply maximum principle twice each.

1/p
Apr2git tr2utt 1/t
Ap+2g1,2u+1

multiplicity;p >

/ 1/2s
2s,2q+1
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Upper bound

@ The trace of powers of adjacency matrices counts cylindrical
boards; i.e. the number of boards that both begin and end with the
same slice

@ The trace is sums of powers of the eigenvalues.
@ Switch indices.

n1/4pq
13 < A2p2q
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